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Recently H. Flanders [2,3J1* has defined the affine connection by extending the

exterior differentiation operator to the operator that acts on some linear spaces in

place of exterior differential forms. It is known that there exists a divergence ope-

rator of skew-symmetric tensors on an orientable C°°-manifold M, and it is useful to

define the homology group on M if M is paracompact. On the other hand, the

exterior differentiation operator plays the important r6le of defining the de Rham

cohomology group on M. If M is orientable and paracompact, these groups are

isomorphic. Like this the exterior differentiation operator and the divergence oper-

ator are mutually dual. So we arrive at the question if we can define an analogous

notion of the affine connection by employing the divergence operator on M. The

solution of the question is the purpose of the present paper.
1. Preliminaries. Let M be a connected C~-manifold and §å  the ring of all

C~-functions on M. For a point xà¬ M we denote by A(r) =2©A"(x) (direct-some)

the graded algebra of ^-tensors, by convention, A'(.r) = the tangent space of M at
x and A°(x)=R (the field of real numbers). If we put A(M)=\^J A(x), this is a

axM

fibre bundle over M. Let v be a C"-section of the bundle. Hence v(x)6A(x). If,

for all xà¬ M, v(x)à¬ A"(x) for some fixed p,v is called a p-tensor field. We denote

by Tp the space of p-tensor fields with Ti = the space of tangent vector fields and
To=5- Hwe put T=2©Tp, Tisa graded algebra over%.

As before, for a point xà¬A/ve denote byA*(x)=2©A*q(x) the graded

algebra of exterior forms on the tangent space at x. By convention A*\x) - T%M)

(the dual space of TX(M)) and A*°(0) = R. If we put A*(M) = \JA*(x), thisisafibre
xeir

bundle over M, and its C°°-section a is called an exterior polynomial. Hence we have

eo{x) à¬ A*(x). If, for all x à¬•EM,a> (x) à¬ A*q(x) for some fixed q,a> is called an exterior

differential form of degree q, or simply a q-form. We denote by V the space of g-forms

with Tl=the space of tangent covector fields and T°=§. If we put T* =2©Tq,

T* is a graded algebra over §å .

We shall consider a tensor products. ' •E

Tq= Tp®Tq.

1) Numbers in brackets refer to the biEliography at the end of the paper.
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These spaces may be considered from two points of view: either as  tensor products 

of the spaces Tp and TQ over the ring 8, or as  sections of the fibre bundle of all 

the elements of all (Ap(x)) @ (A*q(x)), there the latter tensor product is taken over 

R. This implies, passing to homogeneous com.ponents, the existence of an  operator 

on x T$ to z:$ given by the linearity and 

(1. 1) (vAm)@(mA'?)  = ( v @ w )  A ( w @ T )  

where v f Tp, w E T,., w E Tq and I ]  E TP'. It is easy to see that this operator is 

associative and distributive, and obeys the following commutation rule 

(1. 2) X Y = (-l)""+gP'Y X .  

where X f T: and Y E T$. Clearly 8 0  is a graded algebra over 8 and natu- 

rally identified with T @I T * .  

Now we assume that M is orientable. Let p be a positive scalar density on M. 
In a coordinate neighbourhood U with a local coordinate system xl,  . - .  ., xn, a p 

tensor v can be written by 

(1- 3) = v f ~ .  . ~ D ( ~ I ,  . . . .,xn)ei, A .  . . . A  er, ( i , ,  ...., iP = 1, . . . .  9 n> 

where el,  = 3/32k(k = 1, . . . . , p). If v T p  ( p  2 1)  we define an (n-@)-form *v by 

(1. 4) *v = ,,+I.. . ts &it. .  . i,, 1,. . . jn-D dxj~  A . . . A d ~ j * - ~  , 

where Ei, ... id ,.,...j.-, is a component of the Kronecker's tensor. The operator * is 8 
-linear and has an inverse. 

For a q-form o ( q 2  1 )  written by 

(1. 5) w = ai,. . . c, dx'l A . . . . A dxi., 

another %-linear operator *' is defined by 

(1. 6)  *'" = (l /p)ail .  .. lo Eft . .  .f~h.. . In-Q e.r, A . . . . r\ ej,-,. 

By convention for p = 0 and q = 0, $1 = pdxlr\. . . . dxn and *'I = ( l /p)el  A .  . . . Aen 
respectively. 

Again consider a ptensor field, we operate * and *' for v by succession, and 

we have 

Similarly we have for a q-form 

Hence we have 

2. The dual wedge product In $3,  we shall define the divergence of a p-tensor 

field. A usual wedge product of two divergence-free p-tensor fields is not in general 

divergence-free. Let us now construct a new and naturally defined product of two 

divergnece-free ptensor fields which is divergence-frw. This  product will be called 
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a dual wedge product. 

For a p-tensor field v and $-tensor field w ,  the dual wedge product is defined by 

for p + 6 1 n, 
(2. 1) VOW = 

for P + p r <  n. 

Similarly for q-form o and q'-form q,  the dual wedge product is defined by 

*'-l(*'wA*'i;'?l) f o r q + q f z n ,  
(2. 1)' oar] = 

l o  for q + q l <  n. 

It is clear that these products are associative and distributive. 

, Yext we shall define the dual wedge product for the space X@ Ti, in fact, 

there exists an operator on Ti x TPp: to T Z L E ; ~ ~ ! )  given by the linearity and 

(2. 2) (vow) 0 ( ~ 0 7 )  = ( v  €3 m)o(w €3 711, 
where v E T,, w E T,,, o E  Tq and q E Tg'. This operator is also associative and 

distributive, and obeys the following comrputation rule 

(2. 3) xo y = (-l)(n-~)(n-p')+(n-~)(n-~') y o X ,  

where X E C and Y E  T9,:. 
By convention we shall introduce a 3-linear operator # by 

where X = v @ o E G. Hence we have 

XoY = # - l ( # X  A # Y ) ,  

where X E and Y f T$. 

3. T h e  divergence of  p-tensor fields. Let M be a connected n-dimensional 

orientable P-manifold and v a p-tensor field on M. Writing locally v by (1. 3), we 

define the divergence of a p-tensor v ,  written by av, by 

where p is a positive scalar density on M. An easy calculation shows 3% 6'3 = 0. 

PROPOSITION 3.1. In the graded algebra T = 8 0 T P  over 8 (see 5 I ) ,  there exists a 

unique operator 3, called the divergence, satisfying the following conditions : 

( 1 ) a is R-linear, 

( 2 )  v E T p  implies av E  TP-l, 
( 3 )   VOW) =avow + ( - I ) ~ - P " ~ o ~ w  for v E Tp, 

( 4 )  = 0. 

In fact, for the operators * and defined in $ 1 ,  we have 

(3. 2) d* = *a and a*' = ( - l )Q(n-Q3 & 

for a p-tensor field and for a q-form respectively. Hence for v E T g  and w E  TQ, by 
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employing (3.2), we have 

a(vow) = %*-l(w A *w)) 

= *-Id(*v A *w) 

= *-l(dw A *w + (-l)"-%v A dm) 
= *-l{*(av) A 8 ~ )  + (-)n-p*-l(*~ A *(awl) 
= avow + (- I)"-pvoaw 

which shows (3) in Proposition 3.1. 

A p-tensor field v is called divergence-free, if av = 0. (3) of Proposition 3.1 shows 

that the dual wedge product of two divergence-free tensor fields is divergence-free. 

But we can not expect this fact for the usual wedge product of p-tensor fields. [4] 
Define the linear space of divergence-free p-tensors by 

Zp(T, R) = (V E TP 1 av = 0) 

and the linear space of p-tensor field divergences by 

Bp(T, R) = (v E TPlv = aw for some w E TP+I). 

We shall call Hp(T, R) by the de Rham homology group, where Hp(T, R) is a real 

coefficient group on M defined by Zp(T, R)/BP(T, R). (3. 2) asserts that, for p-tensor 

field v, *v is closed if and only if v Zp(T, R), and w is exact if and only if 

v E Bp(T, R). Then the operor * induces an isomorphism between HD(T, R) and the 

(n-p)th de Rham cohomology group Hn-@(T*, R) on M. If M is compact, this result 

is nothing but the Poincard duality theorem. 

It is known that, if M is a connected orientable paracompact C"-manifold, the 

(n-p)th de Rham cohomology group Hn-P(T*, R) on M is isomorphic onto the p-th 

real coefficient singular homology group Hp(Sx). On the other hand, it is known 

that if M is paracompact Hp(Sx) is isomorphic onto HP(..., R) = lim HP(U, R), where 
.c 

HZ@, R) is the real coefficient homology group of a covering U of M and lim means 
C- 

the projective limit for coverings of M. The group HP(M, R) is called a p-th real 

coeficient homology group of M. 

PROPOSITION 3.2. Let M be an orientable connected paracompact C"-manifold of the 

dimension n. The p-th de Rhum homology group HP(T, R) on M is isomorphic with the @-th 

real coeficient singular homology group HP(Sdl) on M and the p-th real coefficient homology 

group of Ad, i. e., HP(M, R). 

4. The D-affine connection. In the previous section, we have defined the 

divergence of the p-tensor field. In this section, we shall consider the question 

about the extension of the divergence from on p-tensor fields to on the space Ti. 

For the purpose we shall deffine the D-affine connection which is considered as a 
dual of the usual affine connection in a certain sense. Let M be an orientable 

C"-manifold. 
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DEFINITION 4.1. A Dafine connection on M is an  operator a on c-' into 

satisfying the following two properties; 

( 1 )  a(x + Y )  = ax + a ~ ,  
( 2  > a(aX) = (*'da)oX + aaX, 

where a f 8 and d is the exterior differentiation operator. 

We shall construct the unique operator on each to TQp-1 by virtue of the 

operator a which defines the Daffine connection. 

Now let us consider the mapping 
n-9 

( # X I ,  . . . ., #Xn-q)+ C # XI A . .  . . A #XJ-1 A #(aXj)  A #XJ+I  A .  . . . A #Xn-q, 
5-1 

where X I ,  . . . -, Xn-p E T;-', hence the mapping is on (n  - 9)-tuples of elements of 

fi into T:-~. This  is alternating and multilinear, hence there exists a linear 

mapping f on fl-g to T ; - ~  such that  
n-9 

f(# X I  A . .  . . A #Xn-q) = C # X I  A .  . . . A #Xj-I  A # (aXj )A  #Xj+l A .  . . . A #Xn-9 
1-1 

for any elements X I ,  . . . ., Xn-q in ~: - ' [1] .  By employing (2. 5), we have 

and 
12-9 

C # X I  A .  . . . A #Xj- ,  A #(aXj)  A #XJ+I A .  - .  . A #Xn- ,  
j=1 

n-q 

= # C X1o. . . . O X J - ~ O ~ X ~ O X ~ + ~ O .  . ' .oXn-q). 
J=1 

Hence we have 

Putting a = #-tf# on E, we have 

where X,o . . . . o Xn-q E and the right hand side of (4. 1) belongs to Pn-l. Then 

we have a linear mapping a on f i  into Ti-1 

Consider X E TQp, by linearity, i t  suffices to consider the case X = v O o ,  where 

v E Tp and o E Tq. Uniquely we can put 

a s  a element of TpoPn, where X' = *'I o. 

Consider the mapping 

(#v ,  # x f )  -+ #(av) A #xf + (- l)"-"#v A # ( a x f ) ,  



where v E Tp and X' E Tz. This mapping is bilinear, hence there exists a linear 

mapping j' on #Tp @ #TQ, into f i ~ P p + '  such that 

$(#v A #xfj = #(av) A #xr + f-I)*-* #V A # ( a x r )  

for any v E T p  and any X f  E [I]. By (2. 5), we have 

# v  A #X' = #(voXt) 

and 

#(ay) A #xr + ( - I ~ - P # v  A # ( a x r )  = #{(avoxr)  + (-l)n-p(voaxr)). 

Hence we have 

# - l j ' # ( ~ ~ x )  = avox' + (-I>.-q(v0axr). 

Putting a = #-'$# on T:, we can conclude 

(4. 3) a(voxr) = & o x t  + (-i)n-p(voax'), 

where X=voXt E and the right hand side of (4. 3) belongs to fi-1. Thus there exists 

a linear mapping a on into We can easily verify the uniqueness of such a. 
PROPOSITION 4.2. If a is a D-afine connection on M, then there exists a unique 

collection of operators, also denoted by 3, one on each space to TZ-l(q<n) and satisfying 

the following properties : 

( I )  a ( X + Y ) = a X + a Y f o r X E T ; ,  and Y Y E ,  

( 2 ) a(xo Y )  = 3x0 Y + ( - I )~- '  xoaY f~ x E G, Y E TPd., 
( 3 )  a coincides with the given D-afine connection on T",-', and coincides with the 

divergence on T$ = Tp. 

For X E Tt(p  = 1, . . . ., n)  we define 

(4. 4) ax = g d # x ,  

where d is the exterior differentiation operator. Hence 8X = 0, if X f T: (P = 
1, . . . .  , n). 

To prove the Proposition 4.2, the proof of (2) remains. By linear lit^ i.t suffices 

to prove this in the following special case : X = voX' and Y = w o r ,  where we take 

the identification (4. 2) and X E TQ,, Y E TPp; and v E TP, w E T p ! ,  X' E z, 
Y' E- G'. Hence 

a ( x o y )  = a((voxt) qw0 yrj) 
- - (- l)"(*"'a((vow)o(X'o Y')) 
= (-I)"(" q'{a(vo,)o(x'o Y') + (- l)n-cp +p'-n' (vow). a(Xf 0 Y'))  

= ( -~ )R(*-Q){ (~vo  W )  + ( - l )m-~voaw)o(xro yr) 
+ ( - - I ~ - P )  + ( n - P ' ) ( ~ ~ ~ ) o ( a x ~ ~  Y' + xoa Y')) 

= 4- l )n (* -"{ (~ow~(X 'oY ' )  + ( - l y - ~ ( v ~ 3 w ) ~ ( f X f o Y ' )  

+ ( - l p - ~ ) + ( m - ~ ' ) ~ ( v o ~ ~ ( a x r o  yf) + ( V Q W ) O ( X ~ ~ Y ~ ) I )  
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