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ABSTRACT･WeshldyasalarJbi-stablereadorLJihJSion･tonvecdcnequa血ninRN･
Wlthahyperbolicscaling･we托duceittoasingularlypefhlrbedequa軸n･h触 Sin酔1-
hFhmitlSOl止ons亡OnVergetOftn⊂加nswhidhtakeononlytwodifFe陀ntValuesinbun
reglOnS･WeaboderiveaneqtLationdescrihing出ezno血noftheinterfacebetw eenthe
twobulkregions･Tothelowestorder.thenor-Ispeeds(V)oftheinterfacedepmds
onlyonthemi tnormd vectorv,wherethewavespeeds(Z,)isdeterminedbynonlinear
reaCbonandConveCtionterms.

Whentheconvec血ntermisevenandthereaChonterzrLisoddintheirargtlnent,the
wavespeedき(U)vani血esidentcallyforalldirecbonsv･h thissitua血n,apanboliC
scah greduC缶theequadontoanothersingdarlyperturbedequationforwhi血wealso
establishCOnVergeneeOfsolutio砧inhesingularnmit.Thesingulaf触 tdynamicsis
govemedbyananisotropiCmeanmrVature鮎W,inwhi血血eanisotmpycomesfrom
theconvectionterm.

0WmethodofproofforCDnVergen⊂e⊂OnSistsofconstructingappmxiznatesolu血相
ofanyorderand也eCOmPa血onpnncipk･

1.INTRODUCTION

1.1.StatementofProblem.Weconsiderthereaction肋 ion一COnVee也Onequation

畔Dq uL十divf(u)-Au+a(u), (n=,i)∈RNメ(D,T)

intheN-dimensionalspace,whereu-u(2,f)∈A,I:R- RNisaflux,andg:A-A
anonlinearreactiontermofbistabletype･Byahyperbohcscaling(I,i)- (I/C-,i/E),
血eequa也onbecomes

(1) u,+divf(u)-EAu+E-lg(u), (I,i)∈RNx(0,T),
whereE>0isaposihveparameter･When E>0issmall,thisisaCOrtSeⅣa也onlaw
wi仇smallvisCOSityandstiffSourceterm･
OurobjectiveistodeSCribethedyllamiCSinthesingu血 h tfor仙escalarmulti-
dimensionalequation(1)･h tE- Of血eoriginalscalein(RDq,血esinguhrlimit
E-0givesatepresa tationofthelarge-tineb血aviorofthespatialvaria血rLOver
largedomainin thesoluhonsdf(RDC)･
Letuebethemi quesolutiorLOftheCaudlyProblemfor(1)withird血lCondition

(2) u(I,0)-植 )･

DLZte:Odokr28.2004.
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Itisourgoaltodetermi netheexistenceandstructureofthelimi血gfLmCtion

uo(I,i)-盟 uE(I,i)

for(3;.f)∈Rx【0,TトThroughoutthepaper,weassumethatthesourcetermsanddie
COnVeebvetermIsa鮎fy血efollowingCOnditiorLS･
tHl) (i)TTLefunctiongbelongstoC00(R)aLndpossessesexactlythreezerosu- <

0<u+with

g'(1L)<0,91(o)>0.9r(Tl+)< 0 (bi-stabilityofreadon).
(a)nLeVector/belongstoCcc(A,RN).

1･2･ExistencezLnduniqueness･UnderltHl),localexistenceanduniquenessofsolu-
dortBitOeidler(RDqor(1)with缶xedECanbeshowrLaSfollows(seetl】fordetails).
TheCaudhyproblem

･3, (～(E,.7 ==.eo嵩 F(u,VIL)

isCOnSideredasanabstractoridinarydifferentialequa也on

･4, (u(07 ≡ eBCu'"F'u),

whereu(i)∈X -BCmif(RN),ABCisarealizationofAonBCunif(RN)′也espaceOf
bounded′urLifor叫 COntinuousfuLtCtionS,andNFistheNemitskiioperatorassodated
widlF.

One血stshows血atABCistheinBnitesimalgeneratorofanamlyticsermgroup･
Bystandardargum ents,onecanthenshowthat(4),andhence(3),hasalmi quelocal
sohdon

u∈co(【O,q,BCunif(RN))ncl((0,T],BCumif(RN))

ProvidedthatF∈CO(RxRN)haspartialderivadves∂F/auand∂F/ap,,which are
boundedonboundedsubsetsofRXRNandtheinitialCOnditionu｡iscontainedin
someinterpolatiorLSPaCe･Forourpurposesitwinsu触 :etoassun旭 叫 ∈BC芝山(RN)
whichiscontainedinthedomainD(ABC)andthereforeakointheirtte甲01ationspace.
hoursitua也onF(u,∇u)-9(u)-fr(u)･∇uiscontinuousandthepar由lderiva吐ves
∂F/all-9'(u)-J〝(u)･∇uand∂F/apj--I,((u)areuniformlyCOn血uousonbounded
setsifJ∈C2(A,RN)and9∈Cl(A)･
IfFgrowsatmostlinearlywithrespecttorV叫.then-ysolutionwhich remairLS
boundedin theL∞-norm isaglobal亡laBSiCal紺Iution･hoursituation,however,

theL∞-botmdisr easy.COnSequenCeOfthedissipahvitycondi伽n(Hll-(i)andthe
parabolicCOmPanSOnPrndple･hparhcular,thisshowsthatforirdtialdata叫)∈
BCこげ(RN)wegetdassicalsolutionsontheir& tetimeinterval[0,∞).
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1･3lPlanarWaves･Planarwavesolutionsto(1)oftheformu(I,り-U(響 )sa由fy
aone-dimensionalordinaTydiffer-也alequation

(5) U'I(I)+(S-F'(U(I))･U)U'(～T)十g(U(～-))-0,之∈取 ('-d/d=)
whid一Canbewrittenasa血stordersystem

(6) 冨/I≡ ご(sJ ,(U).U)Vー刷 .

ntissystempossessesexaCtlythreestabonarypointswithU∈Iu_,0,u+iandV-0.
Thelinearizationat(u',0)(u事-u_,0,u+)is

U l = v

V'= -a/(uつU-(8-)I(u'),U)V.

witheigenvalues

(7) pj=(S)-
-(a-F'(u+)･U)土J(i二~ji(可二~坪 二両

Hencethetwostablezerosu-andu+always亡OrreSPOndtosaddleequnibriaof(6).
Usinghefactthat(6)definesa''rotatedvector鮎Id"(seel31),itCanbeshovm血at
thetLnStablemanifoldof(u-,0)andthestablemanifoldof(u+,0)intersectforprecisdy
onewavespeeds(i,).hl5lexistenceand叫 uenessoftravelingwaveshvebeen
establishedforadassofequatiorLSWhichcontains(1)･WestatetheCOrreSPOnding
resultinoursitua也on:

Proposition1.1([5),Theorem2･4)･

(i)77zeTCexistsaunz-quewLZUeSpeeds(zJ)suchthntlors-S(zJ)therez-saunz'quehefero-
clz'nz'corbi'tof(6)co7meCtZ-ng(u_,0)(atI--cx3Jto(u+,0)(atI-+班)･
(h)77zewave甲eeds(U)d甲mdsoni,aSSmoothasf'(u)and9(u)doonu･
(iii)777eCOm甲07ulingtraDeIIzlngWaVePrOjueQ(I;U),wz'tTIQ(0;U)-0′issmNtflI.n(I,i,)
andmonotmeinmaszngznz･

Oneetheexistenceofplanarwavesisestablished′itisratherelementarytoeharaC-
te血ethewavespeeds･

Lemma1.2.TravelingwaveSOIutioTZSOf(6)fzLZVethefolbmlngpTDPertZ'es･

(1)珊ewave甲eeds(Z,)oftfzep血nLZrtTqVeltngwavesatz-sPesthefoElom'TtgtwoidelZtfties:
十oo

(i)S(U)(u+-u-)-(I(u十ト f(u-))･U+Ia(Q(I;U))d之
-00

(a)S(V)
a(u-ト G(u.)十J慧Qe(之両 f'(Q(2両)･ydz

I_'=Q!(I;U)dz
whereaisLZnaTZtZL-derivLZtZ'DeOf9.

(2)Iffisevmandgisodd,tfzmQ(I)isodd,Q(-I)--Q(I),ands(i,)≡0舟rz/∈RN
(OIEhoughweWZILEalwayscoTZSiderum'tvectorsIzJI-17'nthesequeEJ･
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Proof:(lHi)SinceQ(I)decaysexponentiallyfasttou-(resp･u+)asz一一∞(resp･
+00).wemayinte等ratethetravelingwaveequabon(5)overR･Thisyieldsexactlythe
givenidenbty-
(1)(ii)Sincethederivativesoftheheter∝1inicsolu也onQdecayexponentiallyatI-
i=00,wemaymultiplyequation(5)byQZandintegratefromzニー00toI-+∞tOget
+oD +凸⊂I 十o〇

s(U)/Q2(I;U)dz-/9(Q(Z棚 ヱ(I;U)dZ十 J I,(Q回 )･uQI(I;U)2dEL
-00 -OO -00

(2)ItiseasytoverifythatthefurLCtiona(I)‥ニーQト可satiS丘es(6)withs-S(U)
beginreplacedbys--S(U)artdthesableboundaryCOnditions asQ(I)doesIThere-
fore,theu山quenessofthesolutionpair(a(I),5回)for(6)impliess(U)--S(U)and
如 )≡Q(I),andhencea(U)-OandQ(_～)--Q(-Z). ■
Remark1.3.Cfzwacte7･Z'zatL-011(1)tiJisanalogozLStOthewell-knownRDnkine-HugoTliotcon-
dl'tibn舟rvz'sco7LSShocksofconservLZttOnLaws･77ZerTeSmCe0/LZStiHsotJT亡ereSZLLtsz'nanLZddi-
b'onaEtemzwhichdoesdependT10tOTZIyontfzeLZSymPtOticstatesbutalsoonthewholeJJviscous
FITOPle''Q･
WebelievethLZttfzecoIZVerSetOthesEGEemtentLemmal･2(2)fsValid.Namely,zfthewave
speeds(U)vLZTZZ'sheshhticallyZITZutLdz'rectionsuJthmf由et･enaTZdgz'sodd･However,We
hLZVCbeenunLZbletopropethisstatemmt･

Definition1.4.AhypcTSu7faccMofcILZSSC2isasubsetofRNwhz'chislocallyagr甲hofa
♂-PncEim:

M-((T1,32,...,TN)∈tRN･,xN-F(El,X2....,3=N_1)).

BytheprincipalcuⅣattLreSOFMat叩m'Tlt.TointhedirectioTIU(zJ⊥叫 TTDM )′wemean

N-1ez'genvaLuesKl:K2,川,KN-10fthesymmetricmatrixD2F(TD),WherexNStandsPrthe
cowdz'TZatebmctz'oTZm I/-dz'rctz'm,white∬1,- ,EN-1W eCOOTdiTZGtePnctioTZSOnTCOM,the
tqngmtplnnctoMatxo･
memeancurvah reofMat叩OintxoistheSumOfprincipalcuruutuTeS

H(3:o)- rCl+ fC2+ -.+PLN-1.

1･4･MainreSultB･WedescribedynamicsOf(1)inSingularl血 itsasE-0･u pending
onwhetherornotthewavespeeds(U)id-tiCallyvardshes,wehavetodistinguish
twocases.

Theorem1.1･Ass7LmethLZtS(U)≠0.uTZdeTtheconditz'm tHl),weconsideT肋eCauchy
problem

(8)
uie- EAuc-f'(uc)･∇uE+E-19(uE)

uE(訂,O)- ず(I).
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77m′Efzmuxist叩aZ'7WfP7utio775盛(I)<喝(I)m RNanLlaT>0suchthatzf
盛(可くず(3;)<喝伺,

tTleftthesoILLtionue(訂li)conve7geStOalimz'tbLnCtionuO(x,可-1imEーOtL.e(I,可PralmostaTE
(x,i)∈RNx【O,T].Tfzelimz'tuO(I,i)is叩Z'ecewzIseconstantbmctiontakingmMENtwo
paEuesu-andu'･77zebulk,egionsn土(t)‥-tx∈RN;uO(x,i)-uj=1mesepmtedPyn
hypersu申cer(i)whicflevolvesaccordingtotheequatim

V-S(zJ),

whereVstLZndsPrthenormhlspeedojEkez'Tltelacer(i)LZndi,istheunitnormalvectoron
rl(i)pointingintotfzebulたregionn+(i)I
MoreoDer,lftheE-depende7ttinte申cerE(i)isd申nedby

rE(i)-tE∈RNluE(I,f)-0),

thenz'tsmotzlonfsdesm'bed吋

(9) VE=S(zj)+E
iHE醐 十五 TF"KT(y7牛 o(E3)･EIT"KT(y7i,)

Here,ZJEistheunitnoTITZLZEvectortorE(i)′a(zJe)Efw甲eedoF叩Za7WrtravellingwavepTOP-

1gaEingindT'recb'onuE,HE(y7i)standsPr触 meancu777atWeOfrE(i)aty∈Ill(i),(T昌｡)
lSaSym7Mtrirc′positz'vesemi一坤nitemLZtTixdependz'ngon(I,9,Z,E)′andKfPqz'SasymTnetric
Eensorrehtedtotfzesecond沖ndame71talformofrE(i)A

Wh enIisevenandgisodd,Lemmal･2imp止es血ata(u)≡0･h仇iscase,aresult
analogol旭tOTheorem1･lholdsforapaLraboliCallyscaledversionof(8),whichisstated
aSfollows.

Theorem1.2.AssumethatIisevmLmdg由odd.LTnde7･伽cmdz'tioTZtHlI′weconsidertfze
Caucfzyproblem

･10, ‡uE(I,笥 ≡ 蒜 )Tc--1/''uE)'∇帰 2g(uE)

77ze托eX如LZClassOffnz.tialPnc如ns¢EandLZT>0,LZSinThLWeml･1,Suchthattfzesolution

uEof(10)hasaA.mitr7'.e･,uO(E7f)･･-EuBuE(I,i)exis坤 'a･e･(I,i)∈RN x【O,T]･
77ze伽ituO(I,i)is叩iecewisecoVWtantPTZCtiontakingmo71lytwovalzLeSu-PT7d～+･Tb
7TgZlonsn 土(t):-(訂∈旺N;uO(3;,i)- u土‡wesquarated吋ahypwstL申cer(f)W肋hevolves
accordi77gtOtheequation

N N

(ll) Ⅴ-H+∑TpqK阿 - ∑ (Gpq+T,q)Km,
p,q--1 p.q-1

wfzueVstDndsPrthe7WTTnalspeedofthez'ntedTacer(i)andH,TaTZdKwethesameosin
Theoremlエ
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ttweCOrtSider(1)withsuitableinitialfunedonsd･(3),SOlutionsdevelopinternallay-
ersafter血 eof0(EllogEJ)ne打thezerolevelsetrDOf中.Genericany,roisofClassC2,
aLndthesolutionpro丘lewouldsatisfy

盛(3;)<uE(2=,0(EIlogEl)<do(3)･

ThereforeJfromthismomentOn′Ol∬theoremsl･1andl･2applytothisgeneralsitua一
也on.

ReCendy,FanandJin[4】havestudied(1)in血ecaseofasymme血:fluxfunCtion
Iandanddsourceterm g.Sinces(I/)≡0′indtissituatiorL,Weareinthesetting
ofTheoreml･2･Thefrontmo也onisdlendrivenbysomekindofgenera仏訳dmean
ctmature′or,anisotropiCCuNature･
ForI≡0andsym etrica,ourequation(m qisthesocalledAllen-Calm equation･
Theformadonandmotionofintemallayersfor

ut-C-2Au+9(u)

for0<E吃 1havebeenstudiedforalongtine･Forexample,in[2]itisshownthat
interfacesWtdchhavefo-edmoveaccordingtomeancurvatureflow･Theiranalysis
u詑SdifferenttemporalandspatialscaleswithoutseparatingthemCOmPletely･0∬apI
proadlisthereforeclosertotheonein[7]fortheSPatial1yinhomogeneousAllen{ah
equation′wheretheoutersolutionaJldtheapproximateintemallayerareconstructed
separatelyuptoanyorderinE･Thisallowsustoshowhow血e亡OnVeCtiontermin
畔DC)introducesanewtypeOfgeometricevohtionintheinterfa亡eequation･The
additional term∑TmKPqin(ll)hastwopartswhereTisdeterminedbytheCOnVeC一
也veandreactiontermsIand9fromtheequationandtheunitnormalvectoruof血e
inte血亡eJWhileKPqdependson血egeo.metryoftheinterface･
ThepaperisorgankedinthefollowlngWay:SeCbon2dedswi血theformalCOrL-
5tructionoftheapproximateinterfaceequation･hSection3JWeProveOurmain血e-
oremsonthec'Onvergenee･Thelastsectionisdevotedtoexp止dtcomputationsinthe
casethatIand9havesomespedalforn･

2.THEAPPROXIMATEINT王RFACEEQUATION

Inthissection,wepresentanasympto丘CexpansionmethodtoeonstruCtapproxi-

mateSOlutionsto(1)･TheprocedLLrebelowmaylookratherformal･Howeyer,in53･1′
wewi皿m止eitmathematicallyrigorous･AsimilaraSymPtOtieexpansionlSValidfor
(10),andmodificaticnsneededareexplainedin§3.2･

2.1.TheotLterexpansion.Werewrite(1)as

Eut+Ef'(u)A∇u-E2Au-9(可

imdexpanditssolutiorLSaSfollows･

uou.(I,i)-u:ut(I,i)+E克ut(I,i)+",
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bserdng血i粥XPanSion,(1)leadsatヱerOthor4ertotheequation

g(u:ut(I,i))-0.

As wearelookingforasolu如nwtichtakesvaluesdosetom inonestbdomainof

RNandvaluesdosetou+onthecomplementofthatsetIWe血 岱ethefonowmg舶
ourlowestorderouterexpansion:

uoouも(a･,i)-
i
u-inn-(f),
u+ inn+拝),

inwhi血 n土(i)aretobedetermined.hfact,WeWilllaterderiveamotonlawforthe
亡OmmOnboundaryr(i)ofr拝(i)･
SinCe9do岱neitherdependon諾nOrOni,WegetatOrderf也eequation

gr(uSut(T,i))utu.(3:,i)-0

whichimpliesuiut(x,i)-0fromourassumptiongl(ui)<0.Forthesamereason,all
higherordersvanishaswell:

uZut(x,i)-且t(I,i)-.I.-0.

ThereforeIWearriveat血esimpleouter'Je甲 an Sion'I

uout(3;,i)-
(
u_ forT∈n~(i),
u+ forx∈n+(i).

Wewillassllmethatn-(巧andn十(i)areseparatedbyasmoothhypersurfa亡eど(甘
Closetoth由interfaceweexpecttohaveasharplayerofwidth0(E)IToresolvethis
hyerwewillusea''stretehed''variablenearr(i).

2･2･hterhCeC00rdinatesIToderive血einnerexpansiorL,WeWintlSeC00rdinates
adaptedtothemovingintqfaCe･Wewanttodescriber(I)as血eimagesetofsome
mappmgrb.Tothisend′weset

r(i):-匝∈RN;T-To(y,拓y∈r｡i

whereroisan(N-1)血 nerLSionalsmoothreferencemanifold,Weassumethatdie
parametrizatiOnToissmoo血andchoseninsuchawaydtat

(12) % i% fori-17.･･7N-i.

WeCaLnnowParameterizeaneig拙巾rhoodofthesurfacer(i)by亡00rdinates(T,y)
sudl血at

3-To(y.f)+rL,(y,i)-:-I(y,i,r)
wherez/(y,i)isatmi tnormalvectortor(巾aty′ormorepredsely,atTo(y,i)AFor
definiteness,weaBiSumethIOughoutthatupointsinton+(i)IWealsodehean r-
shiftedinterfacer(舌,r)by

r(i,r)=-(I-pr(y,i,r)Iy∈roi･
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Consequencesofthisdefini也onaretheidentitiesau
u･U-17 U.面=0fori=1,-7N-1,U･芸 - 0,

whだ e''･''StandsfortheEuc上deanirtnerproduct･
Wenowin troduceaspace-timecoordinatetransforna也on:

∬-7･(y,i,r),i-f･

ltisstmigh tforwad′buttedious′towriteequation(1)in thenewC00rd血tes･The
Ja亡Obimatrixforthe亡00rdinatetTanSforma也onis

J-(U(y,i)偲(y7t)･璃 (y,i))･nLisinpliesthat
(
AaT･a両冒(i空電)T)孟

-((舘 車 t,(%･r%))(V(y7g(%･r%))-1&
-(ia(y,or,i))

where仇eCOmPOnentSOfthesymmetricmetrictmsorgaregivenby

gij(y,i,r,-錆諾=墓(響+r;)(寄十竃)
whi血 isthesymmetricmetricten抑rOnther-Sfdftedinterfacer(i,r)IConsequently,
wehave

孟 ニ ト } ( % ･r鴛車 g- i(yO,rlt, 〕 (
or,equivalendy,

孟 -zjか ,531計 碁

a
高:

a
両

whqethegjkaretheentriesofg-1′heinversematrixof(録 )･Thegradientoperator,
therefore,transformsasfouows:

･{=,- U芸十,531& 'k&･
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nleLaplaceoperatorthenbecomes

･-嘉 一相 ,㍗)孟十Ar…
whereH(y,i,r)isthemean CuZVatureOfther-shiftedinterfacer(i,r)and△r(i,r)is
theLaplaCe-Beltrami operatoronr(i,r)a血 gonfunctionsofy･
Simi larly,onecanverifythatthetimederivativetransformsasfollow s:

孟 孟 -ho)flu)芸-(- I-t(7D)y･r2ut-Ivy)a-1孟
DroppingtheJbar′′fromi,equation(1)inthenewC00rdinatesbecomes

揺-中To,IIU,;I(-i･(To)y十r2ut･uy)g-1芸‡
･1E, 十E瑠 一H(y,鳩 十Ar(T,i,u)

-E((fl(u)･y); ･fJ(u,;g-1芸)十g(u)･
2.3.TheiJtnerexpansion.Settingr-EZ,equa丘on(1E)becomes

砦+uh･O)iIuH f,(u)L鳩 十9(u)
(13) +ど

( 芸 一H'0'霊 - /,(u)･∇r't'u

･中 {t'u-zH'1'針 zut･∇r(i,u-I(I ,(～,･∇ il('L,u))

+∑Ejpj(y,i,I)u-
j≧3

Here.withg3'た-gjk(y,i,o),t肌gentialgradientsaredefinedby

･14, ∇r(i,葦 g-1(y7t,0,品-,"gl雛 碁

･15, VLl(,I,-綿 y,thgll(ylt,r,],誘 -i,S"g=l訣 転 嫁∂

where(hS,)isthese亡Ondfundamentalformofr(i)withrespecttoz/･Moreover･the
CuⅣatW etermsarede血edbyH(D)-H(y,i,0)zmd

∂
H(i)=-
∂r

N-1

LdH(y,i.r)-∑(A,-)2,(sumofsquaredprimipalctmatures),j三=1
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whileAr(I)-Ar(i,O)is血eLaphce-Beltrami operatoronr(i)-aPjaLrediHerential
operatorsaC血gonfunctionsof(y,王,I)whichweneednotuseexplicitly.
Weseekasolutionoftheform

uin(--,y,i)-蒐(I,y,i)+Euiln(I,y,i)+.-

Substitutingthisexpressioninto(13),wewilldetermineu]hbr≧0)withappropriate
COnditions.

Atorderzerowehavetosabsfytheequation

(16) 嬰+((T.)i･U-/I(uPnh)普+9(uPn)-o
withboundarycondi也on

uPn(-∞)- u-, uPn(十∞)-I(+A

FromProposihonl･1weknowthatforanydirecdonuthereisauruquewavespeed

s-a(U)su亡hthat(16)possessesamonotoneheter∝血 i｡orbitfrontu-.tou･riLand
onlyifho)t･zJ-S(zJ)･Therefore,thelowestorderinterfa亡eequationlSglV-by

(17) V:-7.0･U-S(i,).

Wedenotethisheteroc血jcorbitbyQ(･E;ZJ)-aassllmeforde鮎Iitenessthattheph se
shiftin之isadjustedsuchthatQ(0;I,)- 0･
Wewillassumethatthe血stterm oftheirtnersoluhonisjusttheheterocbicwave
profileintheCorrespondingnormaldirectionwitha〟phaLSeShift"ao(y,i):

uPn(I,y,i)-Q(I+ao(y,i);U(y,i)).

Theten ao(y,i)aCCOumtSforthefactthatweexpecttheinterfacer(i)tobedetermined
onlyuptoorder0(E)亡OrreSPOndingtothewidthofthetrazISitionlayer･Atthisstage,
theshiftao(y,i)isnotknown･Wewinderivetheequationthatgovemsaointhenext
stageofapproximatiorL
Atorder0(E)wehavetosa由fytheequa也on

'18) 普 -普 +α(-,)普 +♂(I)ujln-H(y,i,0)普-I,(ulPn).∇r(i,urn
togetherwiththeboundaryCOndibon

克(-00)-uAiln(+∞)-0,

where

α(I)- S(zJ)-j'(硯).LJ,

β(I)- 9/(uE)-f〝(uE)･U讐 ･
Notethatthisequationhastobeconsideredasanequationfortheurtknownuilnasa
fundonofIwithyandiplayhgtheroleofparam eters.
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WewinnowderiveaCOnditionwhichguaranteesthesolvabilityofthisinhom喝&
neous血earsecondorderequahon･From血kconditionwewingetanequa血nfor
theevolubonofao.

Rewrite(18)asaninhomogeneous血 earsecondorderequation

(19) 転 +α(I)巌+β(I)4-A(I)

where

h(I)- 普+H(0普+fl(urn)･∇r(士風
Thesolvab出tyfor(19)issuEnDurizedasfollows.

Proposi血rL三･1･foragivmbozmdedPmctionA(可′theproblemt19JhLZSLZbozLndedsolutim
tfandmlyzfthesolvabiliEycoTulition

00

(20) JQE(Z十ao)eA'2'h(I)d1-0
I-つ⊂I

由satisPed,where
I I

A(I):-/α(- -/(S(U)一･(Q(T･aod)･u)dT
-80 -ao

z:+AD

/
0
(S(U)-f'(Q(T;U)).i,)dT-=A(I+ao).

MweoveT,Tfh(I)decaystoZWOLZtGneXPOnentiGiuder,thmtheco- 甲Ondz-ngsohtionof(19J
doeshavethesamepropertym'ththFfollowiTlgeXPIz'cttformuh･

車(I)-a(y,i)Qz(I+ao)+Ql(I+ao)
Zfq蒜 i

QE(I′′)e･4(ZJ)h(Z〝 - ao)dヱ"dzl,

wherea(y,i)isany舟7W血r20ftheI'parLZmeterS′′(y,i)andthesecmdteTLmisTZOrmLZtid so
thatz'ttqkesmOJbrI- -ao･

Theproofof山岳propositioniselementary,andhenceomitted･
Totranslatethecondition(20)statedinProposition2･1intoinLornationaboutthe
motim ofthetransitionlayer,weuse血erelations

∂蝿

at

管

- QE(汁 ao;塘 ･Qv(I+ao;U)ut

-Qz(I+ao;i/)

∇r(i)uFn- QE(E+ao;Z/)∇r(I)ad+Qu(I+ao;U)∇r(i)ZJ

ー45-
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whichfollowimmediatelyfromtL.Pn(I,y,i)-Q(I+ao(y,i);LJ(y,i)).Theyintumimply
that也einl10mOgeneOuStermfor(18)isgivenby

h(I,-QIl獣 H'OW Q).∇r(t,q]･Qu･vtII/(Q)･QuVr･(i,u
where,hereandbelow,Qisevaluatedatヱ十ao(y,i)unlessexpliddystatedodlerWise･
hSertingthisintothefirstordersolvabilitycondi也on′weobtainthe血storderin-
terfaeeequatiorL

(21) 晋 -一芸 ∇r(｡ao･ho(yli)I
where

ロ〇 CX〕

芸-Mo-i/QIeA(I'(/(a)錘 , M o :- / Q :eA '='dz,
-.･..00 - 00

0C

ho'y,i'- -H'y,t70)-"0-I/Qze･4'zW uIUt･F''Q'･Qr∇r(榊-○〇

WefemaLrkthatnei血erMonorthelastintegraldependsonαo′SinCe血eintegra也on
variableIisshftedbyao,suchas

00 〔)e

Mo=-/Ql2eA'I'dz-/612ej'I'dz,-･･･亡X) -CC
where豆-Q(I),i(I)-A(I-ao)whiehaJeindepend飢tOfao.Therefore,ho(y,i)do怨
notdependonao･Noticethat(21)isaninhomogeneousversionofthelinearizabonof
thelowestorderinterfaceequation(17)･
Whenthesolvabilitycondibonissatisfiedfor(18),ithasthefamilyofboundedso-
1utions

(21) ulln(y,舌,I)-al(y,i)Qz十戒(y,i,I),

where屯isaboundedsoluhonof(18)with屯(yJ,0)-0･Sincehl(y,i,I)expo-
nentiallydecaystOZeroaSI- 土∞,sodo餌u11n･TheC択航derttfunC也onalistobe
determinedso血atthenextorderequationbesolvable･
Higherorderapproximationsareobtainedinasimilarway.Atorder0(E2)theequa-
也orLisofthesameform as(19):

(23) 嬰 ･ a(I)普+β(I)ufn-h2(y,i,I)･
ApplyingProposition2･1,we丘ndthat(23)hasaboundedsolu也onu2h,iLandonlyif
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(24) 尋講和短観書き書き由 … 召

where

樹 ,ヱ)- (fljt敵 城 警 +妄宅fffff砥恒 槻 ≡警 -毒書簡属 ヂ

十普 十H拘警碩 鴎巨和 書嵐キ榔 或摘 趨

-上:-;--二:j寺 -二二‥Tここ‥::-二:I::.て-:_-:
Sincehl(y･i)decaystoZeroatan.a_甲OnenBalra垣 as芸 → 主革 紐 畠強 鮎 盛盛 韓 患
Using(22)for克 in 山sexpreSSIQn白f転 轡e鮎鴨 蘭皇51礁 転を譲 -専∈書章毎麺蘭
beinguti1izedT

(25) h2(y,i,I)-主軸 al)2･舶 al絹 暑 - 矧 苛碑 幸観

where

(261If(I)-iQ…甘′(Q).･J))=･-ly'(捌 ,仏.

(27)Ill(I)- (fiIt掛 巧撞魂 ‡亘+昭 掛 疾 風 転∋-雛 朝 議 ∈≡…身当
-卜tQziL+H(0)Q..+I'(Q)･∇∫購 r1(.JJ′′(Q)∇r誹 (-Fl.uJ,

aLtdJ轟)representstermsindepeTdpnLof･LlISubstlLulJLtgt'15)Lnl''(24)rWLLlilldtluL
dleSOIvab山tycondi也onisreducedto

≠:莞

-･三さ: t=-.:-=1-.==･- ≡_I_;=---i--L!:,･･--:t-ii-:-;: I-.=ニー
===-:≦当

h fact,inte_g!a甲 gbypaTt与andu中 指tl.teJ撃 .JIJtl･'f'/･:･ -C1--,̂<:'ⅦtihJiLtかhL･atijLFitLl
equationoftheb m･･gentl- Vl･rqio･…川 'JT;

F'_.一･√土('I=lj'r;yFlL甘jP ･- ミJ.



14 I.HAm RICHANDK.SAKAMOTO

onecanverifyII22(～,)p(a)d3-0･Tothisendwecalculate

I22(I)p(I)dz

∫-Jf
上

r

h伸上押上
押上｢
㈹

(Q≡仔 〝(Q)･V))ヱPdz-
I
(9r(Q))LQIPd2:

-Q≡f〝(Q)･LJPz+9′(Q)QヱPz+91(Q)QILPdz

♂(I)QIPz+91(Q)QヱEPdz
-QEZZPI-a(I)QlZPz十9'(Q)QzzPdl

Qzr(Pzz-αPE+g'(Q)P)d.E-0.
=0

htegratingbyparts,usingtheequationforPandtheequadorL(18)for屯,OneCan
alsofindthatIIll(I)p(I)dz-0･Topmvethisclaimweevaluate

/_:Ii･lpdz-上三(f〝(Q)IV)tQlqln)IP用 〝(Q)･ulI(碗 )p-tgI(Q))IiLlnpdE′00
〔X:I

-(Il′(Q)･U)Q克 pZ+9'(Q)屯Lp+gJ(Q風 pzdz

節ilnpz+(αpz-pZl)5iln,Idz
.BiiLPz+喝ln.zp=+私 ヱIPEd之

-Fm(讐･H'0'碧+/,(uPn,･∇r{湖)pzdI
上

√一-汁

:(普+H'0)普+/,(uPn)I∇r(｡uOh)Ipdz

800I21･Opdz･
Tb fore,(28)fouowsfrom(24).

Atorder0(EAT)(A∈N,k≧3)′theequationisagainofthesameformas(19)‥

(29) 普 十α(I)碧 十β硯 -hk(I)I

Here,hkdependsonlyonuPn,症 .･A,t克~1andisgivenby

hk-Ikl(I)aた一1+Q意 .Qzf･(Q)A∇r(りab-1+IkD(E),
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whereak-1(yJ)istheCOe組CientofQzinthe(k-1)-thapproximation

(30) 蒐~1(y,t,I)-ak_lQZ+軒1

Ikl-(I"(Q).I/)(QZuiln‡=十tf〝(Q)･可=(QiuL上 土9J(Q)㌔utl(:-Ikl･1)
+tQl)i+H(0)Qlヱ←F'(Q)･∇r(I)Q=+QZr(Qト∇r(I)Q (:-TL･o).

andIkPdependsonlyonao,･-,ak-2･Wenoticethatnotermdependingon(ak誹 is
present,so血eartalysisfork≧3iSShg仙ysimplerthnitisforA-2･Moreover,

昔1isthesameasI21･lwith屯 beingreplacedbyuilDandI;･0-I2LID.Th駅fole,bythe
samecomputationasabove,/Iklpdz-0fouows･Applying血esolvab山tyCOndition
to(29),weobtainthek-thorderinterfaceequation

(31) 等 -一芸 ∇F't'ak-1+hh-I(y,i)･
wherehた11rePreSentSthetermsthatdependonlyonao,A.I,ah12,butnotonak_1･
ForanintegermJ≧1,wenowde丘nem-thorderinnerapproximabonuELmbyiLL]
(32) uf;m(y,i,a)-∑EkuEn(y,i,I)

た=勺

wherewesetam(y,i)≡0intheexpressionofthelastterm唖 -amQL+可芸･

3.PROOFOFMAINTHEOREMS

3.1.ProofofTheorem1.1.Wh entheinitialinterfaceissmooth′theirtidalValueprob-
lemfor(17)

TtO･L,-S(U), 70(y,0)-ヂ(y)

hasasmoothsolutiononi∈【0,T]forsomeT-T(ヂ)>0,We血 En SOIveheini也al
Valueproblemfor(21)wi机ao(y,0)≡0onthetineinteⅣal[0.q･Since此 sisa
lin earinhomogeneousBrstorderequationwithanonくharacteristicird血lsurhce,the
problemhasami quesolutiononl0,T],whi血wedenotebyao(y,i)ISim血rly,the
ird血lvalueproblemsfor(28)andt31)withal(y,0)--0andaた-1(y,0)haveami que
solutions′denotedbyalfy,i)ane恥-1(y,i)･h 山岳way,weeandete- ineanftmctions
in(32)uptoanyorderm∈Fg･
Therealsoexistsa6>0sothatthecotTeSPOndence

Ilox(-26,26)∋(y,r)‥I-To(y,i)+rzJ(y,i)

sm00thlyparam eterizes血e26lneighborhoodofr(i)-(∬-To(y,七日y∈rot⊂ RN
fori∈【0,T]･For3;inthe2占-neighbo血oodofr(i),theinverseoftheparanetri2:ation

x‥ (y,r)

isexpressedby
y-9(I,i), r-チ(I,i)･

-49-



16 1,HAm FuCHANDK.SAXAMOTロ

wedenotebyfl-(i)(resp･針(i))theCOmPOnentOfRN＼r(i)wherer<0(resp.
r>0).Ford>0′wede鮎

ndj=(i)Itx∈n土(七日dist(C,r(i))>dI･

Letusdenoteby(ド(r),eO(r)ande+(r)smoodlCuトofffunetionssa由b,ing

o≦O-(r),eo(r),0+(r)≦1
and

(33)
0~(r)≡1
00(㍗)≡1
0+(㍗)r:

r≦12占), (ド(r)≡0(r≧-6)
回 ≦e), eO(r)≡o(回>_26)
.ヽメ∫U2>一

一r e+(r)≡0(r≦s)
Wenow丘xaLnintegerm≧1andde血em-thorderapproxima丘onuE･7n(I,i)by

(34)

‡

u叩(I,可- u｡u.(x,i)forr∈鴫 (f),

u叩(T,i)-uout(I,i)O-(チ)+.uovt(ヱ,りe'(i)
+00(i)uEJn(9,i,吉)forx∈RN＼(f2品(i)山電(i)),

fort∈【0,T],whereチ-チ(I,i),9-9(3,i)A
FromourCOnStruCbonoftheouterandirmerexpansionsin§2′wdobtainthefo止ow-
ing･

PTOPOSitioTt3.1･Letm≧1beLZTlintegeT･77zenluClm(I,i)d申ned7'n(34)satisPes

=EutElm+Ef'(u･叩).Vu叩 -E2AuE,Tn Ia(u叩)llL叩 Nxl.,T】)-0(Em+1)
asEー0.

ToproveTheoremIll.weusetheConparisonprindple･We亡OrLSiderthea叫
problems

(35) ut+F'(u)I∇u-EAtL.+E-1tg(u)j=Em‡

forahedinteger帆≧1･Weapplyモo血eproblem(35)thesamepr∝edureasin§2･1
toobtainsub-andsupe r-OuterSOlutiorLSu-癌ut(I)and喝u.(可definedby

威ut(I)-

屯t(I)-

i

i

u-+9'(u-)Em,forx∈針(可,
u++g'(u+)Em,forI∈n十(i),

u-一g'(u-)Em forg∈針(坊
u+-9r(u+)Em,fora･∈n+(i).

Notethat些三ut(I)<喝山(E)for二は nbecauseofgr(ui=)<0･
ApplyingtheproCedtLreOf§213to(35)′weobtainm-thordersub-andsuper-irLner
solu也ons嘘 (y,i,I)and可:(y,i,I)･Thesesub-andsuper-innersolutionssati5秒

警+α(I)讐 ･β(堀 -hm(I)-1
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∂2qni
∂E丑･瑚警 十和 昭 瑞 軒 1‡

and

讐 Peetively･Sincethedifferencebetw配n(i)and(35)appearsonlyin鮎 8軒 yterzn ,
ⅡmefSOltltioru砥 W姐 lowefindicesfO≦尭<画 femain鮎 脚 モfofも血 鞘 and
t35き･野 usingthevariationofCOnStantSfQrmdapre盟ntedinPropQSitim皇iTitisCa野
toverifythat

重器毎,書,I)≦u諾転 意,可≦司芸転宅凍.
Thenm-thordersubandsuperinnerapproxinations盛 m甜d軒 a経由触東 by
thesameformulaast32)wi払堵 beingreplacedby呈鑑arLd昭 ･Wea如 由鮎 室Elmh i)
aLnd電叩(iL･,i)bythesaneform血 as(34),ex亡甲tthat叫}utisr甲laCedby東.もand電qt ,
and弘;㌘短,i,夷isreph亡eby甜 (yj,可and竃門y,t凍 r甲 eetively,TfheB由 ef東a -

由nsfortheouterandinnersohtionsabovenowinherit旭theappfOXin醜母指

3t,m拝,i)<_･ifPl(3=湖 ≦ 軒 m(ご誹 芯∈RN,i∈[O,TL

MoreDVerFbyusingProposi血n3･1,wehavelforSm曲E>8,

E葺m+C-5'(ぜ.771)･∇F'･m一㌔A3t･m -9(ど,帆)
--Em十0(Em+1)<0, 3∈RN,t∈LO,T],

and

g帝 m+EJt(6.m)-∇軒m-E2△軒m-9(F.Tn)
-+Em +0(Em+i)>0, 才∈耽N,舌∈【0,T].

Therefore,AE,m(resp･軒m)isasubsolution(reSP･SuPerSOlution)of(I).TheCOmParisoft
prindpleyieldsthat(1)hasasolubonuE(丑,i)sa由fyhg

ピ ー'n(I,i)_<uE(I,i)≦酔m(I.f) I∈旺N,t∈担,T]･

SinCe日計771-3t,m日伊 -0(Em),We亡Ondudethat
(36) Lus(x,i)-u叩 く叫)I-0(Em) 缶∈TRN,l∈[0,T]-
Byourconstrucdonofu叩 in§2JWehave

野 -囲 -(:;監;芸≡呂If;)),吋07q･
This′togetherwith(367,亡OmPletestheproofofCOnVergenCePart･

WeflowProvethevalidityof(9)inTheorem l･1･Notice血atthewavep地 at
thelowestorderappmximadorLurnwasShiftedas郁Z+ao)bytheamount一軸 in
thestret血edcoordinate.Therefore,the0(E)-aPPrOXizna加ntotheinte血亡e7E(y,句is
glVenby

rye(y,i)-1b(y,均一Eao(y,t)U(y,f)+0(E2).
ThenthetmitnormalveCtOrVS(y.f)totheinte血亡eTEisrepztSentedaB

zJE(y,i)-U(y,i)十E∇ r(tlq'+0(E2).
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18 I.HAm RJCHANDKSAXAMOTD

Therefore,byusing(21)atnd3(uej-B(可+E∂S/∂U∇rao+0(E2),wehave

(37) 仰 -(To)i.V一意 +a(E2)

-♂(U,･E措 ∇r(｡ao-ho(y･i))十0(E2)
-S(LJE)+i-He(y,i)

00

･EMo-1/QleA(E'(Qv.ut･!'(Q)tQyVF'両 dz･0(E2),
-･00

whereHf(y,i)isthemeanCurvatureOftheinterfaCerepresentedbyTE･Letusnow
examinetheintegrandinthelasttezm
Firstofal1′when70evolvesaC亡Ordingto(17),血ei-derivativeofi,isgiv飢byzJt-
-∇r(i)S(U)IForsimplidty,weletspandQpdenote,respectively,∂S/∂upand∂Q/∂LJP
b-1,･･･,N)･A亡亡Ordingto也edehitionof仇etangen也algradient∇r(i)in(14),we
Ravel

･r(I,S(U)-語#(y,i)
∂S(U)∂㌔堵 踊 ,環 -spvr't'㌦･

nlerefore,theq-thComponentofthetangentialderivativeisgivenby

l∇r't'S(U)Ig-splvr't'up]q- sp欝 F'昔
whichgivesriseto

Qu･ut-QqTtq--Qql∇叫S(U)]q- -Qqsp空欝稽 ･

Hereandinthesequel′a,･kandgjkareallevaluatedat(y,i,r-0)･Similarly,Wehave

QvVr(｡p-QqVr(t,uq-Q瀞 濫

aLndhence

F,(Q)･QvVr(i,V-JI(Q)lQqVr(I,yq]p-瑚 響 瑠 7

where芳meansthep一山COmPOnentOfthevectorfl.Thede丘山tionofthesecond
fLmdamentalform(hLIB)TT=1,ofr(i)yields

(38) 冨 --hkBgS等 三,

lh thesequel,su- 且tiomoverrepeatedindiCeSaleappliedforp'q=1'･･･1NandforJ･7klI,S-
1,‥.,〟-1.
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whi血intumshowsthesyTnmeヒy

等 三g瑠 一 等 三瑠 I

Usingthissym ehyand(38),weget

Qul/I+fr(Q)･Qv∇r(i)U - ｣ Qq[∇r(i)S(y)]q-Qpfil∇r(t)urn

･39, - Qq(sp-fL)響 晋 抽 BF1
0n血eotherhand,Pbposition211imp一iesthatQ.hasthefollowingrepresentation

Qq(Z,--Qz歳 LiJpQz(S- 〟)dz,･
Therefore,(37)becomes
(40) 1･tE･uE-S(I/E)+EIHE+T叩KPql+0(E'l),

whereT押isglV飢by
亡.X〕

(41) T円ニーMol pQl(sp一････00 項 aDPQl志 臼
POE(sq-fi)dI

∫)
dE

‡

dz

andKPqisde丘nedby

(42, K--空欝 空欝 F'khbgaZ,
whi血issym etri亡･NotethatwehveevaluatedTpvandK円forr(i)IHowever,the
differencebetweenIl(i)andrE(i)isoforder0(E).Therefore,thedifferencesbetweerL
TFpq,KEPqandT抑KPqarecontainedin0(E2)-term 5in(9)･ThisPrOVeSthevandityof
血eirLterfaCeequation(9)in¶leOreml･1･ r

Byshiftingtheintegrationvariablesz〝,E',ItOZ〝+ao,I/+ao,I+ao,WeSeethatTm
donotdependonao･

Lemna3･2･TTzematrixTz'sindq,eTZ血tofao,symmetricandposz'tivescmlLd申nite･

PTOOL:WetlSetherepresentation(41)andintegratebypartstoobtain
○ロ

･--Mo-I/去Lp(I)Lq(Z)dz･-EX〕
where

Lp(I):-PQ=(S,-fi)d-,'･
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ltisobviousthatT押-Tqp･Moreover/wecanWrite

00

(叫 T-吋/去瑚 - 極 7
･-･･○¢

wherethevedor-ValuedftmetionLisdefinedby

L(I)-i(Ll(I),…,LN(I)).

EvidentlyJ(43)showsthepositivesemi-de血itenessofT.

Lemma3.3.ThesumTmKPqisawet-ghtedsumofpTinczlpL7LcuTVattLreS,I

｣Ⅴ-1

T押gPq-∑ wfKi,i=1

wfzuerci(i-1,…,NI1)areprincipLZLcunJEZtureSOFF(i)I

Proof:LetusBrstrecallfrom(42)thattheNxN-matrixK-(KPq)isexpressed aLS

･44, K-雷g-1(%)tl
whereg-kj)andh-(hid)arethefirstandsecondfLmdamentalformsofr(i)･By
de血ition,theprincipalCuⅣattueSfCi(i-1,I･･,N-1)arerootsofthecharaCteriStiC
polyomi aldet(h-J'g)･hotherwords,heprindpalmNatureSareeig-Valuesofthe
sym etriC(N-1)×(N11)-matrixf･,a-1･Letus血agonali2:ehg-1ateaehTo(y,i)∈r(可
bycho鵬inganappropriateparam etriEationy- Tb(y,i)･Then,from(42)弧d(44),we
have

∧r-I

Tp.K円-∑ wiKi,
i=l

where 〟〟-1
wi-∑∑T粥等三空欝 gJli (mos-honoverihapplied)･p,9-13.-1 1
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3･2･ProofoHLeoretrLl･ヱ･Theproofconsistsofthesamestepsasthepr00fofth eorem
1.1,sowejustindicatethedifferences.
Theoutersolutionisthesameasbeforein§2･1･However,whenweCOmPutethe
irLnerexpansion,the丘rstlineof(1亡)ismultipliedbyE2,insteadofE･Settingr- erin
thismodifiedversionofequa也on(1E),weobtain

O-砦-(I,(u)･穏十g(u)
･45, ･E巨,･O,i-H'0')霊--∇r(司
･叶芸+Ar'l'-璃 一g(I,(u,･瑚 ‡+冨 軸 瀬

wherePja托 differential OperatorsactingonfunCtionsof(y,i,I)′whichweneednot
useexpliddy･
鴨 seekasolu也onof仇efom

叫n(a,y,可-uPu(I,y,可+E克(I,y,可+....

Substitu血gthisexpressioninto(45),wewilldeteznineufnO'≧0)successively,start-
ngfromj-Otoj-mforartymEN･
Atorder2:erO,(45)givesrisetotheequatiorL

等碧-I,(uPn).V碧 ･9(urn)-o

withboLLndary亡Ondition

ulPn(-∞)-u_, uiOn(+cx))- 料 .

Byourassumptions(Z,)≡0andProposidonl･lthisp血blemalwalySPossessesa
uniquesolutionuEl(I)-Q(三十ao;U)･As beforeweleavesomefreedombyintrodu血g
ashiftao(y,i)whichw山bedeterminedlater･
Atorder0(E),(45)implies

響 +α(I)普 +β(I)ui=hl(I),

h1-(-ho)f･U+H(y,f))Qz十F'(Q).∇r(i)Q･
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Hereandinthesequel,QandQz,et亡IalwaysmeanQ(･E+ao;U)andQ=(I+ao;U),etc･
Applyingto(46)thesolvabilitytheory(cE･Proposibon2･1),weobtain

(To)̀･ZJ-H(y,i)十Mol1

-H(y,i)+Mo-1

CB

∫
-Oe

OO

∫
一･････〇C

Pfl(Q).∇r(i)QdZ

pf'(Q)･Q,∇r(i)Udz+略 1

Oe

/

一･C10

豆 ZP fl(a)dヱ･∇r(i)帆

whered-Q(I)aLndj5-p(ェーaO)-QI(1)eJl(I-ao)whichareindependentofao.
SinceQ(I)andJ'(Q(I))a柁OddfunCtions(cf･LeJm al･2(2)zLndIeven),andhencelコ⊃
p(I-a.)iseveninI,thelastintesTalvanishes;IQIPf'(a)d之-0.Therefore,

-1>P

argulngaSabove′wefind

(TD)t･Z/-H(y,可十TpqK粥,

hwhichTpqisthesaneasbefore,de血edby
Oo ユ

･--Mo-i/去Lp(I)Lq(I)d- ith Lp(I ) :- - / p ozjIdzI,
-ロ0 -∞

wheres(zJ)=-0isusedandfL-fL(Q),theFthcomponentofj'(Q)I
Noti⊂ethataoissti皿tobedetermined.Infact,anevolutionequationforaowinbe
derivedLionthesolvabihtyconditionforufDbelow.Oncethesolvabihtyconditionfor
(46)isfuulled,ithasauliquefamilyofsolutions

止 -al(y,i)QZ+私

wherealistobedeterminedandiiiln,normahed as屯(I--ao)-0,dependsonlyon
ao(andonzJ(y,i)).Morepredsely,wehave
(47) iiiln(之)-重ven(I)+屯d(I)

(48) 頑ven(I)-Qz(I+ao)

(49) 屯dd(I)-QZ(I+ao)

i

i

a+do 1

i(2')qz(2')

ヱ+叫 1

ji(Z')Qz(zJ)

lii(I",hr (i,,dl,)dl .

Li
P(I")呼d(I")dz〝

)
dz',

whereh;yenandh;ddstandhrtheevenandoddpartofhlWithhelVetや)-helVen(1-a｡)
aLnd軒d(Z)-h;dd(I-ao).Forrefer飢Ce,Wegive血emexplicidy.

h;V8'l(可-トT叩K叩)QE+Qpf'(Q)I∇r(I)UP, hrd(I)-Q;/I(Q).∇r(i)ao.
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Re瓜11againthatQ(I)isanoddfunchorLThisyieldsmatA;Yen(I)andhTd(之)areeven
andoddftmctions,respectvely,andsatisfy

O〇 oo

/PhelVendz-0 md /吋 ddz-0･
-OP -･･∝コ

Therefore,we血dhat覇ven(I-ao)aLnd屯dd(I-ao)definedin(48)and(49)a托 ,rt>
sPdvely,everlandoddfunetions･Moreover,weemphasizethefollowing

転dd(～,)-臥(I+ao)･∇r(t)ao-Qpl∇r(,)aolp.

ThesefactswillplayaTalelater.
Now,(45)yieldsthefollowingequationforu?n;

(50) 語 .α(Z)碧 十β(I)ufn-h(I).

whereh2isgivenbelow･WewnlderiveaLnevolutionequa也onforaobyapplying
Proposition2･1to(50)･hfact′weshowthatthecondihon

･51, iuph2dz-0

leadstoalineaLrParabolicequationforao′whereh2isgivenby

(52) h2(y,i,I)

-芸I,2(I)(al)2II21･l(I)al ･ 了!,0(I)al.Qzfl(Q).∇ r'I'al.軸

･(響-AruPnIzH'1'碧･I(I,(uFh,IVF('C,uoh))7
whi血 issimilarto(25),hdeed,I22andI21,1havethesameexpressionasin(26)and
(27)′while7:･Oand宅al'egivenby

(53) 音O-(-(7.)t･U十H)Q"+(f〝(Q)･∇r(i)Q)Ql+fI(Q)･∇r(I)Ql,

(54) 7:-/,I(Q)･uqln警 +芸J〃,(Q)IU(屯)2Q;一芸9"(Q)(屯)2

･H To)i･U･H)警 ･(r(Q)･Vr(I)Q)qlnII,(Q)･∇r(i,qln･
Letusexplidtlyanalyzethecondition(51)･Bythesamecomputationasin§三･3.One
canshow仇at 00 00 DO

/pI22dz-0 -d lpI21･ld2--/璃 odl･
-oq 一 〇〇 一 00
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The弧 鮎 ym etryoEtheintegrandinplieSIp(F'(Q)･∇r(I)al)Qzd3-0,eliminating
alCOmPletelyfrom(51)･

whenweCOmPutetheintegralIPEdzin (51)′weencountertermswhichare
line訂aLndquadrabCin ∇r(i)aO･The詑termS亡Omefrom屯 d - Qpl∇r(i)aOjp(here,
andbelow,stLm tionsoverrepeatedindicesp,q,F'-i,･I･,Nareapplied)IByus-
ingand,Sym ebyofintesrands′wefindthatintegralsmultiplyingquadlaticterms
inVr(i)aovarLish,hwhichweusethefactsthatIisevenandaisodd,andhence
/I(Q(I)),gJ'(Q(I)),Qp(I)a托Odd′andf〝(Q(I)),QI(I)areeveninZ･Moree甲licidy,we
have
O亡l 00 00

(55) /pEdI-/pipdzl∇r(i,q]P十/pQpfi(Q)d～,lVr't'(lVr't'ao]W I･･.
-.･.抑 -00 -00

-:ipipdzl∇r(i)ao]p-MoT,ql∇,(t)il∇r(岬]Pl]q+.･.,
where''･I･〝standfortermswhicharealltogetherindependentofaoaswellas∇r(i)ao,
whileFpisdefinedby

(56) Fp-(I"(Q)･i,Q戒yen)I-all(Q)Qp屯en-(-ho)I1U十H(0))(Qp)I

･(新郎Ln)I+孟ifL(Q)QpIl∇r't,uq]p,.
Wenowdealwiththetl血dlineof(52).
FortheBrstthreetermsinthethirdheof(52),wehave

普 IAr塊 .zQzH(1,-Qz% -Clara.IzQ=H(1,I2(Qp)I(∇r(,,up･∇r(t,～)
-QzEl∇r(t)aol2-Q粥∇r(.)LJPI∇r(i)I,q- QpAFup+Qp甘

Byusingan也-sym etryoftheintegrand,onee-showthat∫PQIZd2-0′-dhence
theCCNe缶d-IofFワr(i)aoF2in(52)vanisheswhensubstitutedinto(52).Moreover,we
have

CE) く)0

/zpQEdz-/(I-ao)PeEdz--MoaoI
-8¢ -･････00

Fofthelastterminthethridlineof(52),wehave
()0 3〇 00

/之Pf'(Q)･鴨 uPAdE-Izp瑚 (Q)dzlVF('t,ao]p･IzpQqJi(Q)dz鴨 uqlp
~~･qq -〇0 - 00

OO

-/鵡 碑 dzlV抽 p･aoT"鴨 uq]p.
･一〇〇

-58-



FRONTMOTIONINVTSCOUSCONSERVATIONLAWSWTrHSTⅡ甲SOURCETERMS 25

We血al1y亡OnCIudethatthesolvabuityCOndition(51)fortheproblem(50)isequiv-
alenttothefollowinglinearparabohCequaton

(5m 箸-△r軸十H'1'ao･TmLVr{t,(【∇r(oa.]P‡lq-aoTmlVr(t押
+F(y,i)I∇r(i)ao十G(y,i)･∇Ll('押 +h2(y,i),

where血eprimi palpartArao十7円【∇r(t)tl∇r(I)ao]PI】qontherighthandsideisuni-
formlyeniptkbecauseoftheposi也vesemi ･de丘nitenessofT.h(57),F(y,i)andG(y,i)
aLreV∝tOrfieldsonr(i)definedby

F(yli)-2.1/toll

(X〕

∫

- DO

G(y,i)--Moll

P (Q p)Idz(∇r(i)uP･)- M oll

00
∫
一〇〇

zPQヱF'(a)dZ

1ヽ

P F dl

whichareindependentofao･Wenote血atthehomogeneoIBPartOf(57)is血elin-
ea血a血nof血interfaceequa丘on(11).al血oughwedonotbo血erprovingthisfact･
Sid arly,atorder0(Ek),thesolvabnityCOndidongivesriseto

(58) 等 -Araた-2+H'l'ak-2IT円t∇r(t,IlVr(I,ak-2】PI]q一帖 ,T押【∇,(i,哩
+F(y,i)I∇r(t)ak-2+G(y,i)I∇il()i)恥 2+hk(y,i),

wherehた(y,i)d甲endsonlyonao,･･･,叫卜3,butnotorLaた_2,
Inthisw.ay,we｡an ｡onstruCtapproximatesoluhonsashigh orderaswewish･Then,
theremairLingpartofpr抑fisthesameas血eproofofTheozem1.1･ThisCOmPletesthe
proofoflも印reml･2･ t

4.ExAMPLESANDDISCUSSION

Followinganapproachdescribedin[6]forI ≡0,wecanexplidtlydetezTninethe
wavespeedandtheheteroclinicorbitswhen9iscubiCandIisquadratiCinu･

1.ezrLma4.1.ConsidertheTZmLiTteLZreige7tValuepmbte7n(5)with

g(u)- -R(u-u-)u(u-u十),u-<0<u+, R>0,

f(u)- iu2a･ub, a7b∈R"L

-59-



26 I.HARm CHANDKSAKAMOTO

77zewave甲eeds(zJ)andtnzvcEIingWavePT｡PleQ(I)LZTethenexpEz'cz.tEygfDm抄

S(U)- 等 土(a･u-

Q(I)

7:llheTe

(a･Z,)2+8R
---～+u-+u+u-e-a(～+-a-)a
-u一十u+e-D(V. - tL)=

上)= (all/)2+8R-arz/

十b･〃

4

Proof:Thestatementisverifieddirectlybyfonowingthemethoddescribedin§11.5
of【61forscalarbi-Stablereaction-diffusionequadons･

4.1･SymmetriHa8e･LetusfirstCOnSideraCompletelysym etriCnOnlinearities

f(u)-喜u2a, a(u)--u(u2-1)
withthevedorarema- gastheonlyparameter･
ThetraveuingwaveproBleisthenq(I)-tanh(DZ)whichdependsonthedirecton

uonlYth,ough D-主(J(a･U)2+8-a･U)IWehave

(59) Q甘:-
∂Q Day I

百万 ~IJiA-/ul岳~~i8品 古き両
p-QzeA-D(cosh(Dz)ド(管+2)

Thisa止owstlStOCOmPute
ロく) oO

(60) Mo-/eÀ2'Q12(I)dz-D2/(cosh(Dz"~'針 4'dz･
-⊂K〕 -(冗)

Similarly,wegetfrom(41)withS(U)=0and(59)

MoTpq-

くく)

/
一････〇〇

eA(I)QIQqJ;(Q)血

D2apaq
vr(a-I:-i,)I.LT豆

D2年aq

Itanh(叫 (cosh(Dz)r(管+4Jdz

(cosh(加)ド(管+4)dz
Comparingthisexpressionwith(60)gives

T 円 -

a7,aq

(a･Z/)2+8
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Inparbm1ar,we亡aLnSeedirectlythatthematrixTisposi也vesemiJehite･Thede丘-
ni也on(42)ofK卯 andelementaryCOmPutationsleadto

1
T四g押=亘示了了a･∇r"DL

ThereforeJtheinterfaceequa丘on(ll)inourspedalsihlatOniswrittenas

(61) Ⅴ-H(y,i)+al∇r(i)
Arctanh乃D)
J豆

NotethatD>0inthefunctionQ(I)-tanh(Dz)signi鮎Sthe/'Steepness〝ofthewave
pro丘k Therefore,(61)meansthaHhetangen由lvaria血nofthe''steepness"

Arctan巨巧D)
､β

of仇ewaveprofileQ(之;ZJ)isconvertedinthesigdaruEnittothenomalvelodtyof
theinterface･Moreover,thise触ctdoesnotoperatewhenaisnormalto血einterfaCe,
where血einterfaCeisddvenbythemeanCurvaturealone.

Anotherviewpointispossiblefor(ll)inthep誓sentsittLahofLApplyingLenna3･3･
血einterfaceequationhasthefollowingexpresslOn

〟-1

(62) V-∑ (1+ui)叫,壬岩H
where

wl=
(a ･zJ)2+8

〟-1
∑

j=1(語 ･a)(語 ･a)tli(mos- tonoveri,I

Therefore,(62)isConsideredasモmO也ondrivenbyaweightedme皿 C1uVatum･Note
thatwiin(62)vanishesWhenalSPar由leltozJ･¶由meansthat血eCuⅣ atureeffects
on血erLOrmalvelodtyisenhancedwhenaisparalleltotheinterfa亡e･
Itisofinteresttonotethatthem atrixTwhdlStemsfromthe血storderdifferential

operatorfI･∇COntributesinthesigularhmittothecurvaturewhichisasecondorder
呼eratOr･

4.2.Sli等htlyasynmetri"祁e･LetusCOnSiderE-dependent且uxandreaction tetn s

j(u)-ebb,9(u)-一㌔u(u-(1-E))(1L+(1+E))(with¢>0)･
hthissituation,Theorem l12applies･ The監亡Ondtermin(61)vanishesbecauseof
D≡/J5.However,E-terninthewave甲 eeda(Z,)亡OmeSin andtheinterfaceequa血n
lSglVenby

(63) V-H十J豆a+bfZ/.
Th issimilartoaCurVature凸owdrivenbyaeonstantforce(ef･(81)

(64) V-H+k
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whichCOmeSaSaSlngularlimitoftheAllen-Cab equationwithSlightlyasym etri亡
soweeterm .h(64)krepresentsaconstantdrivingforce,hourequation(63),the
drivingforcedependsontheorientationoftheinterfh亡e･However,(63)isexpressed
aLSfouows.

(I-/a)i-H+Via,
where10-70-i(biU)i/･Therefore,themotionofinterfacedrivenby(63)isamo也On
bymeanCu-attireWithadrivingforceplusconstanttransla也onwithvelodtyb･
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