FRONT MOTION IN VISCOUS CONSERVATION LAWS WITH STIFF SOURCE
TERMS
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ABSTRACT. We study a scalar, bi-stable reaction-diffusion-convection equation in RV,
With a hyperbolic scaling, we reduce it to a singularly perturbed equation. In the singu-
lar limit, solutions converge to functions which take on only two different values in bulk
regions. We also derive an equation describing the motion of the interface between the
two bulk regions. To the lowest order, the normal speed s{v)} of the interface depends
only on the unit normal vector v, where the wave speed s(v) is determined by nonlinear
reaction and convection terms.

When the convection term is even and the reaction term is odd in their argument, the
wave speed s(v) vanishes identically for all directions v. In this situation, a parabolic
scaling reduces the equation to another singularly perturbed equation for which we also
establish convergence of solutions in the singular limit. The singular limit dynamics is
governed by an anisotropic mean curvature flow, in which the anisotropy comes from
the convection term.

Our method of proof for convergence consists of constructing approximate solutions
of any order and the comparison principle.

1. INTRODUCTION
1.1. Statement of Problem. We consider the reaction-diffusion-convection equation
(RDC) u +div f(u) = Au+ g(u), (z,t) € RY x (0,T)

in the N-dimensional space, where u = u(z,t) € R, f : R+ RV isaflux,andg: R >R
a nonlinear reaction term of bistable type. By a hyperbolic scaling (z,t) — (z/e,t/e),
the equation becomes

(1) us +div f(u) = eAu+¢e7tg(u), (z,t) e RY x (0,7),

where £ > 0 is a positive parameter. When € > 0 is small, this is a conservation law
with small viscosity and stiff source term.

Our objective is to describe the dynamics in the singular limit for the scalar multi-
dimensional equation (1). In terms of the original scale in (RDC), the singular limit
e — 0 gives a representation of the large-time behavior of the spatial variation over
large domain in the solutions of (RDC).

Let u© be the unique solution of the Cauchy problem for (1) with initial condition

(2) u(z, 0) = é(z).
Date: Qctober 28, 2004.
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2 J. HARTERICH AND K. SAKAMOTO
It is our goal to determine the existence and structure of the limiting function
0 : €
i) =1 ot
u'(z,t) = lim v*(z,)

for (z,t) € R x [0, T]. Throughout the paper, we assume that the source term g and the
convective term f satisfy the following conditions.

(H1) (i) The function g belongs to C*(R) and possesses exactly three zeros u_ <
0 < u, with
gu)<0, ¢'{0)>0, g(us) <0 (bi-stability of reaction).

(i) The vector f belongs to C=(R,R¥).

1.2. Existence and uniqueness. Under {(H1), local existence and uniqueness of solu-
tions to either (RDC) or (1) with fixed ¢ can be shown as follows (see [1] for details).

The Cauchy problem

3 u = Au+ F(u,Vu)

@) u(z,0) = wup(x)

is considered as an abstract oridinary differential equation
% = Agcu+ N, F(u)

@ { u(0) = wu !

where u(t) € X = BCyue(RY), Ape is a realization of A on BCyy(RY), the space of
bounded, uniformly continuous functions, and Ny is the Nemitskii operator associated
with F.

One first shows that Apc is the infinitesimal generator of an analytic semigroup.
By standard arguments, one can then show that (4), and hence (3), has a unique local
solution

u € C([0, T, BCunir (RY)) N C*((0, T}, BCuni (R™))

provided that F € C%(R x RY") has partial derivatives 8F/0u and 8F/8p; which are
bounded on bounded subsets of R x RY and the initial condition ug is contained in
some interpolation space. For our purposes it will suffice to assume 1, € BC2,;(R")
which is contained in the domain D(Agc) and therefore also in the interpolation space.

In our situation F(u, Vu) = g(u)— f'(u}- Vu is continuous and the partial derivatives
OF [8u = g'(u)— f"(u)-Vu and 8F/8p, = — f;(u) are uniformly continuous on bounded
sets if f € C*(R,R") and g € C!(R). _

If F grows at most linearly with respect to [Vu|, then any solution which remains
bounded in the L*-norm is a global classical solution. In our situation, however,
the L>™-bound is an easy consequence of the dissipativity condition (H1)-(i) and the
parabolic comparison principle. In particular, this shows that for initial data u, €
BC2 ;/(RY) we get classical solutions on the infinite time interval {0, oc).
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FRONT MOTION IN VISCOUS CONSERVATION LAWS WITH STIFF SOURCE TERMS 3

1.3. Planar Waves. Planar wave solutions to (1) of the form u(x,t) = U(24-%) satisfy
a one-dimensional ordinary differential equation

(5) U'2)+ (s — fi(U(2)) - v)U'(2) + g(U(2)) =0, zeR ('=d/dz)
which can be written as a first order system
©) U =V

Vi= —(s=f'U)-v)V —g(U).

This system possesses exactly three stationary points with U € {x_,0,u, }and V = 0.
The linearization at (v*,0) (x™ =u_,0,u,)is

U’ =V
V' = —g'(u*)U _ (S _ fl(u;) . V)V
with eigenvalues
(7) /J’j:(S) _ _(3 - f’(u*) - 1/) + \/(3 _ fr(u,) - V)2 — 4g'('u,")

5 :
Hence the two stable zeros u_ and u, always correspond to saddle equilibria of (6).

Using the fact that (6) defines a “rotated vector field” (see [3]), it can be shown that
the unstable manifold of (u_, 0) and the stable manifold of (u., 0) intersect for precisely
one wave speed s(v). In [5] existence and uniqueness of traveling waves have been
established for a class of equations which contains (1). We state the corresponding
result in our situation:

Proposition 1.1 ({5], Theorem 2.4).

(i) There exists a unique wave speed s(v) such that for s = s{v) there is a unique hetero-
clinic orbit of (6) connecting (u_,0) (at z = —o0) to (u4,0) (at z = +o00).
(i) The wave speed s(v) depends on v as smooth as f'(u) and g(u) do on u.
(iii) The corresponding travelling wave profile Q{z; v}, with Q(0; ) = 0, is smooth in (2, v)
and monotone increasing in z.

Once the existence of planar waves is established, it is rather elementary to charac-
terize the wave speeds.
Lemma 1.2, Traveling wave solutions of (6) have the following properties.
(1) The wave speed s(v) of the planar traveling wave satisfies the following two identities:
+

) s()(us — 1) = (Flug) — F)) - v+ | 9(Qz0)) dz

(©) s(v) = G(u) - Gluy) + J77 Q3= ) ' (Q(zv)) - v dz
0 )= [72 Qiziv) &2
where G is an anti-derivative of g.
(2) If f is even and g is odd, then Q(z) is odd, Q(—z) = —Q(z), and s(v) =0 forv e RY
(although we will always consider unit vectors |v| = 1 in the sequel).
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4 J. HARTERICH AND K. SAKAMOTO

Proof: (1) (i) Since Q(z) decays exponentially fast to u_ (resp. u} as z — —oc (resp.
+00), we may integrate the traveling wave equation (5) over R. This yields exactly the
given identity.

(1)(ii) Since the derivatives of the heteroclinic solution ¢ decay exponentially at z =
+00, we may multiply equation (5) by Q. and integrate from z = —oo to z = +oc to get

+00 400 +oc
stv) [ Qitaiv) dz = [ s@Qun) o+ [ 1@ vauzvy e

(2) It is easy to verify that the function Q(z) := —Q(—z) satisfies (6) with s = s(v/)
begin replaced by s = —s(v) and the same boundary conditions as Q(z) does. There-
fore, the uniqueness of the solution pair (Q(z}, s(v)) for (6) implies s(v) = —s(v) and
Q(z) = Q(z), and hence 5(») = 0 and Q(z) = —Q(—2).

B

Remark 1.3. Characterization (1)(i) is analogous to the well-known Rankine-Hugoniot con-
dition for viscous shocks of conservation laws. The presence of a stiff source results in an addi-
tional term which does depend not only on the asympiotic states but also on the whole “viscous
profile” Q.

We believe that the converse to the statemtent Lemma 1.2 (2) is valid. Namely, if the wave
speed s(v) vanishes identically in all directions v, then f is even and g is odd. However, we
have been unable to prove this statement.

Definition 1.4. A hypersurface M of class C? is a subset of RY which is locally a graph of a
C?-function:
M= {(:r’h I,. .. ::DN) € IRN; IN = F(Z']_, o, P mN—l)}-
By the principal curvatures of M at a point z, in the direction v (v 1., T, M), we mean
N — 1 eigenvalues Ky, ks, . . ., kn—3 of the symmetric matrix D*F(x,), where x5 stands for the
coordinate function in v-dirction, while x.,...,xy_, are coordinate functions on T, M, the

tangent plane to M at x,.
The mean curvature of M at a point zq is the sum of principal curvatures

H(.’Eo) =K1+ Ko+ ...+ KEn—1.

1.4. Main results. We describe dynamics of (1) in singular limits as £ — 0. Depending
on whether or not the wave speed s(v) identically vanishes, we have to distinguish
two cases.

Theorem 1.1. Assume that s(v) 3 0. Under the condition (H1), we consider the Cauchy

problem
©) { us(m,ug eAuf — f!(uf) - Vuf + e 1g(uf)

¢*(z).

Imh
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FRONT MOTION IN VISCOUS CONSERVATION LAWS WITH STIFF SOURCE TERMS 5
Then, there exist a pair of functions ug(x) < u{z) on RN and a T > 0 such that if

ug(z) < ¢°(z) < RYa),

then the solution u*(z. t) converges to a limit function u%(x,t) = lim,_ou*(z, t) for almost all
(z,t) € RY x [0,T). The limit u’(z,t) is a piecewise constant function taking on only two
values u_ and u.,. The bulk regions Q*(t) := {z € RY; u°(z,t) = ua} are separated by a
hypersurface T'(t) which evolves according to the equation

V =sv),
where V stands for the normal speed of the interface T'(t) and v is the unit normal vector on
I'(t) pointing into the bulk region Q7 (t).
Moreover, if the s-dependent interface T (t) is defined by
Ié(t) = {z € RY | v*(z,t) = 0},
then its motion is described by

N
) Ve=s(f)+¢ {Hs(y, t)+ ) ToKT(y, t)} +O(e").
=1
Here, 1* is the unit normal vector to T°(t), s(v°) the speed of a planar travelling wave prop-
agating in direction v, H*(y,t) stands for the mean curvature of T*(t) at y € I°(t), (T5,)
is a symmetric, positive semi-definite matrix depending on (f, g, v®), and K™ is a symmetric
tensor related to the second fundamental form of I#(t).

When f is even and g is odd, Lemma 1.2 implies that s(~) = 0. In this case, a result
analogous to Theorem 1.1 holds for a parabolically scaled version of (8), which is stated
as follows.

Theorem 1.2. Assume that f is even and g is odd. Under the condition (H1), we consider the
Cauchy problem

(10) { w = Au e () Vur +etg(u)
' u(z,0) = ¢(z).
There exist a class of initial functions ¢¢ and a T > 0, as in Theorem 1.1, such that the solution
uf of (10) has a limit, i.e., u®(z,1) == lim u*(x, t) exists for a.e. (z,t) € RN % [0, 7).
£

The limit u°(z, t) is a piecewise constant function taking on only fwo values u_ and u. The
regions Q*(t) := {z € RY; u®(z,t) = ux} are separated by a hypersurface T'(t) which evolves
according to the equation

. N N
(11) V=H+Y TuKP =Y (bg+ Tpq) K™,
pg=1 pe=1

where V' stands for the normal speed of the interface T'(t) and H,'T and K are the same as in
Theorem 1.1.
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6 J. HARTERICH AND K. SAKAMOTO

If we consider (1) with suitable initial functions ¢{z), solutions develop internal lay-
ers after time of (| loge|) near the zero level set 'y of ¢. Generically, ['; is of class C?,
and the solution profile would satisfy

ug(z) < uf(z, Oe|loge|) < up(x).

Therefore, from this moment on, our theorems 1.1 and 1.2 apply to this general situa-
tion.

Recently, Fan and Jin [4] have studied (1) in the case of a symmetric flux function
f and an odd source term g. Since s(v) = 0, in this situation, we are in the setting
of Theorem 1.2. The front motion is then driven by some kind of generalized mean
curvature, or, anisotropic curvature.

For f = 0 and symmetric g, our equation (RDC) is the so called Allen-Cahn equation.
The formation and motion of internal layers for

u = 2 Au + g(u)

for 0 < € <« 1 have been studied for a long time. For example, in [2] it is shown that
interfaces which have formed move according to mean curvature flow. Their analysis
uses different temporal and spatial scales without separating them completely. Our ap-
proach is therefore closer to the one in [7] for the spatially inhomogeneous Allen-Cahn
equation, where the outer solution and the approximate internal layer are constructed
separately up to any order in €. This allows us to show how the convection term in
(RDC) introduces a new type of geometric evolution in the interface equation. The
additional term ) T, K in (11) has two parts where T is determined by the convec-
tive and reaction terms f and g from the equation and the unit normal vector v of the
interface, while K? depends on the geometry of the interface.

The paper is organized in the following way: Section 2 deals with the formal con-
struction of the approximate interface equation. In Section 3, we prove our main the-
orems on the convergence. The last section is devoted to explicit computations in the
case that f and g have some special form.

2. THE APPROXIMATE INTERFACE EQUATION

In this section, we present an asymptotic expansion method to construct approxi-
mate solutions to (1). The procedure below may look rather formal. However, in §3.1,
we will make it mathematically rigorous. A similar asymptotic expansion is valid for
(10), and modifications needed are explained in §3.2.

2.1. The outer expansion. We rewrite (1) as
ey + ef'(u) - Vu — e2Au = g(u)
and expand its solutions as follows.

Uout(T, 1) = ud (7, t) +eul (T, 8) + .. ..
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FRONT MOTION IN VISCOUS CONSERVATION LAWS WITH STIFF SOURCE TERMS 7
Inserting this expansion, (1) leads at zeroth order to the equation

g(uguc(m& t)) =0.

As we are looking for a solution which takes values close to u. in one subdomain of

RY and values close to u, on the complement of that set, we choose the following as
our lowest order outer expansion:

0 /o o fou- in Q7(),
U (2, 2) = { uy in QF(D),
in which Q*(t) are to be determined. In fact, we will later derive a motion law for the
common boundary I'(t) of Q% (¢).
Since g does neither depend on z nor on £, we get at order ¢ the equation
g’(ugut(x= t))utlzout-(x: t) =0
which implies u, (z,t) = 0 from our assumption ¢'(us) < 0. For the same reason, all
higher orders vanish as well:
Uou(®: t) = W@ t) =... = 0.
Therefore, we arrive at the simple outer “expansjon”
_ fu- forzeQ(t),
Uous (&, £} = { uy forz e QF().

We will assume that O~ (t) and Qt(¢) are separated by a smooth hypersurface I'(f).
Close to this interface we expect to have a sharp layer of width O(e). To resolve this
layer we will use a “stretched” variable near I'(t).

2.2. Interface coordinates. To derive the inner expansion, we will use coordinates
adapted to the moving interface. We want to describe I'(t) as the image set of some

mapping . To this end, we set

(1) := {z € R,z = %(y,t),y € [}
where T is an (N — 1)-dimensional smooth reference manifold. We assume that the
parametrization 7y, is smooth and chosen in such a way that

(12) %Ytg']'?i fori=1,...,N—1.
We can now parameterize a neighborhood of the surface I'(¢) by coordinates (r, y)
such that
z = v(y, t) + rviy, t) = v(y,t,7)
where v(y,t) is a unit normal vector to I'(t) at y, or more precisely, at (y,t). For
definiteness, we assume throughout that v points into (*(t). We also define an r-
shifted interface I'(¢,r) by

F(t9 ’J") = {.’E = FY(y;t:T) I ye FD}
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8 J. HARTERICH AND K. SAKAMOTO

Consequences of this definition are the identities
V- g; =0 fori=1,...,N—1, u-%%:O,
where “-” stands for the Euclidean inner product.
We now introduce a space-time coordinate transformation:
=7y tr), t=t

1t is straightforward, but tedious, to write equation (1) in the new coordinates. The
Jacobi matrix for the coordinate transformation is

J= (vt | BEH+rZw1 ).

v-r=1,

This implies that
) ( v(,t)" T) 9
% (%75 + r%) Oz
-1

v( ’t)T
(2 ) [ @) ) (0 o)) 2

[N

"

=( é g(y,o'r,t) )

where the components of the symrnetric metric tensor g are given by

ot (3(70)" ) (3(70)’° Bv*)
0T -— — + -
g;g (J ) kZl ay ayJ Z ayl 6‘yJ Tay.?
which is the symmetric metric tensor on the r-shifted interface I'(f,r). Consequently,

we have
8
2%: vt (3 +r%) (0 8’_1@’”))(:)

or, equivalently,

g d"/
Oz V or Z 6y3 By"’

where the g7* are the entries of g7!, the inverse matrix of (g g ). The gradient operator,
therefore, transforms as follows:

Vi) = 1/——— + Z

7 k—l
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FRONT MOTION IN VISCOUS CONSERVATION LAWS WITH STIFF SOURCE TERMS 9

The Laplace operator then becomes

a=Z _agend s an
_81"2 ¥ ,T6T+ 1‘(,1‘),

where H{y,t,7) is the mean curvature of the r-shifted interface I'(¢,7) and Ap(t,7) is
the Laplace-Beltrami operator on I'(¢, 7} acting on functions of y.
Similarly, one can verify that the time derivative transforms as follows:

o _ 9 ¥

0 _
at at (70)3 U) a (TV'E ' ('Yﬂ)y + 7‘2’/{ ' Vy)g 5&

Dropping the “bar” from t, equation (1) in the new coordinates becomes
5 —e{ (Gl G + (e (i o7 m) 75
1% + g {g: H(y,t, r) + Ap(r, t)u}
—e {0 G+ rGls G | ot

2.3. The inner expansion. Setting r = £z, equation (1°) becomes

0 = Z¥ e - ) ) 24 gtw)
13) 1e{-5- H@gﬂ - /@) Vo)

Ou
E2 {AI‘(t) Z'H(l) P + zv; - V[‘(t)u -z (f (u) Vg()i)u)}

+ Z Eij (y,t, z)u.

23
Here, with g7 = g7%(y,,0), tangential gradients are defined by
3 Yo - a1} gt 9
14 Vry=5¢"w ,0) J}; 375 B
N-1
(1} _Q _C?Z -1 _2: a’)‘o ah k 0
@5 Vg =3 [ay(y,t,r)g (y,t,r)] % j§_1 538 hag" 5,

where (hy) is the second fundamental form of I'(t) with respect to v. Moreover, the
curvature terms are defined by H® = H(y, t,0) and
N-1
HO = §—|r=gH (y, t,7) = Z(nj)z, (sum of squared principal curvatures),
T

j=1
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10 J. HARTERICH AND K. SAKAMOTO

while AT® = Ap(t, 0) is the Laplace-Beltrami operator on I'() and P; are differential
operators acting on functions of (y, , 2) which we need not use explicitly.
We seek a solution of the form

uin(z, 4, t) = ud (2,4, t) +eul (2,4, ) + . ...

Substituting this expression into (13), we will determine «/, ( > 0) with appropriate
conditions.
At order zero we have to satisfy the equation

16) T b (e v = ) v) o 1 g(u8) = 0

with boundary condmon

U?n(—OO) =U_, U?n(-I-OO) = Uyt

From Proposition 1.1 we know that for any direction v there is a unique wave speed

s = s{v) such that (16) possesses a monotone heteroclinic orbit from »_ to u,, if and
only if (yo): - ¥ = s(v). Therefore, the lowest order interface equation is given by

17) V= v=s().

We denote this heteroclinic orbit by Q(z; ») and assume for definiteness that the phase
shift in 2 is adjusted such that Q(0;v) = 0.

We will assume that the first term of the inner solution is just the heteroclinic wave
profile in the corresponding normal direction with a “phase shift” aq(y, t):

ul(2,9,t) = Q(z + ao(y, t); v(y, 1))

The term ag{y, t) accounts for the fact that we expect the interface I'(t) to be determined
only up to order O{¢) corresponding to the width of the transition layer. At this stage,
the shift aq(y, ) is not known. We will derive the equation that governs g, in the next
stage of approximation.

Atorder O(e) we have to satisfy the equation

% Pu, 6111,1 b e
P Tt 1 o)+ ), — Hy 600 0 — 108) - Vo,

together with the boundary condmon
u (—00) = ul,(+00) =0,

(18)

where
a(z) = S(‘V)_f’(u?n)'ya
8 = o)~ 8) v o

Note that this equation has to be considered as an equation for the unknown v}, as a
function of z with y and t playing the role of parameters.
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We will now derive a condition which guarantees the solvability of this inhomoge-
neous linear second order equation. From this condition we will get an equation for
the evolution of ae.

Rewrite (18) as an inhomogeneocus linear second order equation
(19) O:2 + 0(2)¢, + B(2)¢ = h(2)
where
1n (0) T 5“ 0
(Z) +H a -+ f (um) VP(t)uin'
The solvability for (19) is summarized as follows.

Proposition 2.1. For a given bounded function h{z), the problem (19) has a bounded solution
if and only if the solvability condition

(20) / Qz(,é + ap)e@h(z) dz =0

is satisfied, where
Az) = / ofr) dr = f (s(v) — F(Qr + a0 1)) - v) dr

—ag —ap
z+ay

= [ 60) = Q) -v) dr = Az +ao)
0

Moreover, if h(z) decays to zero at an exponential order, then the corresponding solution of (19)
does have the same property with the following explicit formula.

z+an

8(2) = aly, Qs(z + ao) + Qs(z + ao) f

—Az
Q.(=)?

where a(y, t) is any function of the “parameters” (y,t} and the second term is normalized so
that it takes on O for 2 = —ay.

f Q. (zﬂ)ei(z”)h(zu ) dz"dz’,

The proof of this proposition is elementary, and hence omitted.
To translate the condition (20) stated in Proposition 2.1 into information about the
motion of the transition layer, we use the relations

Oufy, . 1080 .
- Qz(z+aO=V)H+Qu(z+a-05V)Vt
Aud

MB:’ = Q:(z+ag;v)

Vrgul, = Q:(z+ ao;¥)Vryao + Qu(z + ae; v)Vrgy
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12 J. HARTERICH AND K. SAKAMOTO

which follow immediately from u2,(z,y,t) = Q{2 + ao(y, t); v(y,t)). They in turn imply
that the inhomogeneous term for (18) is given by

hz) = Q. [%i: +HO + £(Q) - VI‘(t)a‘J] + Qv+ F(Q) - QuVryv

where, here and below, @ is evaluated at z + ap{y, t) unless explicitly stated otherwise.
Inserting this into the first order solvability condition, we obtain the first order in-

terface equation

8 o .
@ % - ‘3—,S,Vr(e)ao + ho(y, t),
where
o = M [ QeAsQ) Mo [ Qs

holy,t) = —H(y,1,0)— M / Q. {Q, - m+ f(Q)- QVrur} dz.

We remark that neither Mj nor the last integral depends on ay, since the integration
variable z is shifted by ag, such as

My = f Q%) dz = f Q2eAl) gz,
-0 —OoC

where @ = Q(z), A(z) = A(z — ao) which are independent of a. Therefore, f(y, t) does
not depend on ay. Notice that (21) is an inhomogeneous version of the linearization of

the lowest order interface equation (17).
When the solvability condition is satisfied for (18), it has the family of bounded so-

lutions
(22) uh (Y, £, 2) = a1 (3, Q: + T (3, 1, 2),

where %, is a bounded solution of (18) with @} (y,t,0) = 0. Since hi(y,t, z) expo-
nentially decays to zero as z — oo, so does u},. The coefficient function g, is to be
determined so that the next order equation be solvable.

Higher order approximations are obtained in a similar way. At order O(¢?) the equa-
tion is of the same form as (19):

%2 dul,
- ok el R A= ).

Applying Proposition 2.1, we find that (23) has a bounded solution 2, if and only if
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(249) f Q.e"hy(y,t,2) de =

where

341 ; . = ¢ L Ca
haly67) = (%) g + () ) () TR = 5 ()’

oz
8@;1 du}
(‘}fi + H(G} ém + f (Em) ?F(ﬂﬁm + Uy f (Eiﬂ} ﬁl“(i)ﬁm

2T A
&F(f)uﬂ +zH (l)mé'z” = 2l - Vr{z}“m +zf {Em) v ul

() Yin®

Since ho{y, t) decays to zero at an exponenhal rate as z — =00, 80 does the solution ul,.
Using (22) for v}, in this expression of hs, we have, with «}, (¢, 2) = @z + a(y, 1))
being utilized,

1 e, d 17 TR
(25)  ha(y,t,z) = *'2”—722.(2)@1)2 + 15(2)a; + Q;% + Q= (@) - Vrgen + I3(2),
where

(26) I(z) = {Q (@ -v)}, —{d (@)}, Q-
@) B(z) = (F(@) - {QaL}, +{/(@) v}, (@)~ {F(@).7, (=]
+{Q:}¢+H(°3sz+f{€2) Vrnle +Q:1"(Q) - Vrw@ (=11,

and I;(z) represents terms independent of a;. Substituting (25) into (24), we find that
the solvability condition is reduced to

) 8
(28) =~ Ve + f QeI L(z) dz.

In fact, integrating by parts and using the fact that P(z) := @,¢*' satisfies the adjoint
equation of the homogeneous version Qf {19);

Py — &g-}p + 7P =
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one can verify [ I2(z)P(z) dz = 0. To this end we calculate
[ B@rea- [ @@ .pa- [ G@).era
- [ -@"@ P+ @O+ (@GP
- [ 80P+ §Q@uuP d
= [ QuaP. — a()QuP + S QAP i

=[szz(fzz—aPz+g’(Q)£)dz=0.

=0

Integrating by parts, using the equation for P and the equation (18) for @, one can
also find that [ I3(z)P(z) dz = 0. To prove this claim we evaluate

[ “npa- [ T Q) ) {QuEL), P+ {f"(Q) - v}, Q)P — {¢/(Q)}, BhP dz
- ] T (fQ) - v) QuELP. + ¢ (QVELLP + ¢ (QUELP, dz
f . Py + (aP, - Pz,_)um_

/ B_mP + CE'ltm sz + U 'U:m "zP dz
8“ aum
_-/;m( 8£n+HO) B +f('u,m) Vp(t)u )P dz

am au i
[ (;‘t +HOZ2 A f(uf) - vm)u) Pdz

/ I;°P dz.

Therefore, (28) follows from (24).
Atorder O(c") (k € N, k > 3), the equation is again of the same form as (19):

Pl
D22
Here, h;. depends only on v, u.,, ..., 'u.in‘ and is given by

29) + (z

Jug, = hy(2).

by, = I} (2)ag-1 + Qz -+ Q.f(Q) - Vreyae—, + I¥{(z),
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where a;_1(y, t) is the coefficient of Q; in the (k — 1)-th approximation
(30) u?n_l(ya t, 2) = ak—le +-ﬂ-§r1

L =(f"Q) - v) {Qaud}. + {F"(@) - v} {Quul) — {g(Q)}, uly (=1
+{Q:}: + HOQu + F(Q) - VrgyQ: + Q. F'(Q) - Vrw@ (=129,

and I} depends only on ay, .. .,ax_3. We notice that no term depending on {aj.1)* is
present, so the analysis for & > 3 is slightly sunpler than it is for K = 2. Moreover,
1" is the same as I, with 7}, being replaced by v}, and I1® = I;°. Therefore, by the
same computation as above, f IlP dz = 0 follows. Applymg the solvability condition
to (29), we obtain the k-th order mterface equation

Oay.— Os
(31) o =~ Vo1 + (0, ).
where hy_; represents the terms that depend only on ay, . .., ax_,, but not on Qk—1-

For an integer m > 1, we now define m-th order inner approximation =" by

(32) ™yt 2) = st k(yt,2)

where we set a,,(y, t) = 0 in the expression of the last term 7 = ¢,,Q. + .

3. PROOF OF MAIN THEOREMS

3.1. Proof of Theorem 1.1. When the initial interface is smooth, the initial value prob-
lem for (17)
%ov=sw) 0=
has a smooth solution on ¢t € [0, T] for some T = T{7°) > 0. We then solve the initial
value problem for (21) with ag(y,8) = 0 on the time interval [0,T]. Since this is a
linear inhomogeneous first order equation with a non-characteristic initial surface, the
problem has a unique solution on [0, T, which we denote by ag(y,t). Similarly, the
initial value problems for (28) and (31) with ¢ (y,0) = 0 and a,—,(y, 0) have a unique
solutions, denoted by a,(y, t) ane ax_1(y, t). In this way, we can determine all functions
in (32) up to any order m € N.
There also exists a § > 0 so that the correspondence

I‘l() x (_26! 26) 3 (y: T) == WO(y) t) + T’U('y,t)

smoothly parameterizes the 26-neighborhood of T'(t) = {x = y(y,t) | y € To} C R¥
for t € [0, T]. For x in the 2é-neighborhood of I'(t), the inverse of the parametrization

z - (y7)
is expressed by
y = §(z, t), r = #(z,t).

-49 .
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We denote by -(t) (resp. (*(t)) the component of RV\I'(t) where r < 0 (resp.
r > 0). For d > 0, we define
QF(t) = {z € O*(t) | dist(z, T'(t)) > d}.
Let us denote by 6 (r), 8°(r) and 6% (r) smooth cut-off functions satisfying
0<67(r),8%r),6%(r) <1

and
O~ (r=1 (r<-2), O-(r)=0 (r>-9)
(33) r)=1 (Ir| <), e(ry=0 (|r| > 20)
O+r)=1 (r>26), O*r) =0 (r<3)

We now fix an integer m > 1 and define m-th order approximation u®™(z, t) by

uS™(z,1) = Ueu(z,t) for x € Q5(t),

(34) UE(E, ) = Uou (@, )0 (F) + Uous (2, £)O™ ()
+O°(Fug™(4,¢, L) for z € RN\(Qg;(t) U Qg()),

fort € [0, T}, where 7 = #(z,t), § = §(z,t).
From our construction of the outer and inner expansions in §2, we obtain the follow-
ing.
Proposition 3.1. Let m > 1 be an integer. Then, v*™(x, ) defined in (34) satisfies
lewy™ + e f'(u™™) - Vut™ — 2AuS™ — g(u™™) | L@ x(ozr) = Q™)
ase — 0.

To prove Theorem 1.1, we use the comparison principle. We consider the auxiliary
problems

(35) u+ f/(u) - Vo= e+ {g(u) e}

for a fixed integer m > 1. We apply to the problem (35) the same procedure as in §2.1
to obtain sub- and super- outer solutions u = uf,(z) and %, () defined by

e (z)= u_ +g'(u-)e™, for z € Q= (),
= uy +¢'(uy)e™, for x € QF(2),

(@) ={ %~ gu_)e™ for z € Q(t),
outt™/ T 1 ut — g'(ug)e™, for z € QF(2).
Note that ©£,, (z) < T, (z) for z € Q2 because of ¢'(us) < 0.
Applying the procedure of §2.3 to (35}, we obtain m-th order sub- and super- inner
solutions w7 (y, t, z) and T (y, , z). These sub- and super- inner solutions satisfy
62 m

L+ () i (e = ()
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and
32—-“1

= T = hn(3) +1,

respectively. Since the difference between (1) and (35) appears only in the O(™)-term,
inner solutions uf, with lower indices (0 € k¥ < m) remain the same for both (1) and

(35). By using the variation of constants formula presented in Proposition 2.1, it is easy
to verify that

uip(y, b, 2) Suip(y, b, 2) S TRyt z)

Then m-th order sub and super inner appmnmatmns u," and 7" are defined by
the same formula as (32) with uT* being replaced by uf* and " We also &eﬁne u=m{z, t)
and T m(z, t) by the same fcrmula as (34), except that Uyt 18 replaced by 16, and T

—=out Dut?

and u; " (¥, t, z) is replace by u; " (y,t, z) and 7" (y, t, 2), respectively. The order rela-
tions for the outer and inner solutions above now inherit to the approximations

"z, 1) < u™(z,t) KT (z,t) zeRY, te(0,T).
Moreover, by using Proposition 3.1, we have, for small ¢ > 0,
eug ™ e f (U™ - Vo™ — 22 Aut™ — g(uF™)
=—™+0E™ ) <0, zeRY te0,T],
and
gy e f1(EE™) - VI — AT — g(@™)
=+ + 0 >0, zeRY te0,T).
Therefore, u®™ (resp. 7>™) is a subsolution (resp. supersolution) of (1). The comparison
principle yields that (1) has a solution u*(z, t) satisfying
™z, t) < u¥(x, t) S T™(z,t) z RV, te(0,T)
Since ||T5™ — u5™{|L= = O(e™), we conclude that
~ (36) [uf(z,t) — u"™(2,t)| = O™) zeRY, te[0,T]
By our construction of ™ in §2, we have

s M _fu- for x € Q(t)
P_r.réu (@:2) = { uy for x € Q¥ () ° t€o, Tl
This, together with (36), completes the proof of convergence part.

We now prove the validity of (9) in Theorem 1.1. Notice that the wave profile at
the lowest order approximation u, was shifted as Q(z + ao) by the amount —g, in
the stretched coordinate. Therefore, the O(z)-approximation to the interface +*(y, 1) is
given by

¥ (Y, t) = 10(y, ) — £a0(y, h(y, t) + O(e?).
Then the unit normal vector v*(y, t) to the interface +° is represented as

VE(y, 1) = v(y, t) + eVirgap + O(?).
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18 J. HARTERICH AND K. SAKAMOTO

Therefore, by using (21) and s(vf) = s{v) + £ds/8vVrag + O(e?), we have

BN oV =) v — e + O

8 .
=s(r) + ¢ {gzvr(t)ao - hg(y,t)} + O(e?)
=s(v°) + eH(y,1)

+eM;? / Q. et {Q., v+ (@) ‘var(ﬂV} dz + O(g%),

where H*(y,t) is the mean curvature of the interface represented by +°. Let us now

examine the integrand in the last term.
First of all, when 7, evolves according to (17), the t-derivative of v is given by 14, =
—Vrus(v). For simplicity, we let s, and @, denote, respectively, ds/dv, and 8Q/dv?
., N). According to the definition of the tangential gradient V) in (14), we
have! 3 5 o7
SV 1%
Trios() = S0 (0) 57 = sy og " g = 5a Vi

Therefore, the g-th component of the tangential derivative is given by
) ., OvFP
[Vrws®)]* = 85 [Vee™|” = 55— Ay Jka_yk’
which gives rise to
 OVP

Qv v = Qth = “‘Qq [Vr(t}s(l’)] ~QqSp glz) — E'y‘;;

Here and in the sequel, g, and g* are all evaluated at (y, t,r = 0). Similarly, we have
0 s
QuVray = @qVre = Qg5 70 —— B

and hence

F(Q) - QuVrwy = £(Q) [QVrer]” = Quf; 3597;)”8.7”6%;,

where f means the p-th component of the vector f'. The definition of the second
fundame_ntal form (h;,,) 2, of (t) yields

avr d(0)?

‘é—k = — s g IW’

Un the sequel, summations over repeated indices are applied for p.g = 1,..., N and for j,k,l,s =
1,...,N—1

(38)
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which in turn shows the symmetry
O(va)® w0 _ 8(10) ; C”V"
oy S 0T oy '
Using this symmetry and (38), we get
Qth + f'(Q) ’ vil‘(t)v = = {Qq [VI“(t)S(V)]q pr’ [V[‘(t)vp]q}

(39) = Qqfsp— P)agf“} A0l iy, oo

On the other hand, Proposition 2.1 implies that @, has the following representation

% =-Q | 35 ( PQu(s,— ) dz") .

Therefore, (37) becomes
(40) ¥ v = s(V°) + e {H® + Tpo K™} + O(eY),
where T, is given by

41)  To=—M;" f PQ, (s, — fp){ | (] PQ.(s, - f)d )dy} dz

—00

and K7 is defined by

(vl 8(10)? ik, _a

Pg . MY ]

(42) K% = ayj ayz gJ h"wg 3

which is symmetric. Note that we have evaluated T,, and K™ for I'(). However, the
difference between I'(f) and I'*(t) is of order O(e). Therefore, the differences between
T:,. K2 and Ty, K™ are contained in O(¢®)-terms in (9). This proves the validity of
the interface equation (9) in Theorem 1.1. [ |

By shifting the integration vanables 2", 2, zto 2" + ag, 2’ + ag, 2 + ap, we see that Tp,
do not depend on ay.

Lemma 3.2. The matrix T is independent of ao, symmetric and positive semi-definite.
Proof: We use the representation (41) and integrate by parts to obtain

L7 1
T = M5 [ 55 Io(ALe(o) d,
where

L) = [ PQu(sy— f7) &7,
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1t is obvious that T,y = T,,. Moreover, we can write

43) T = M [ sz L(z) ® L(2) dz,

where the vector-valued function L is defined by
L(z) = {L1(2), - .., Ln(2))-

Evidently, (43) shows the positive semi-definiteness of T.

Lemma 3.3. The sum T, K™ is a weighted sum of principal curvatures;

N—-1
T K™ = E wK;,

i=1
where k; (i =1,...,N — 1) are principal curvatures of I'(t).

Proof: Let us first recall from (42) that the N x N-matrix K = (K™) is expressed as

_ 9,y (%)’

(44) K By g hg 3y )

where ¢ = (g,.) and h = (h;;) are the first and second fundamental forms of I'{t). By
definition, the principal curvatures &; (i = 1,..., N — 1) are roots of the characteristic
polyonmial det(h — kg). In other words, the principal curvatures are eigenvalues of the
symmetric (N —1} x (N —1)-matrix hg~!. Let us diagonalize hg~! ateach o(y, ) € I'(t)
by choosing an appropriate parametrization y — ~(y, t). Then, from (42) and (44), we
have

N-1
T KP = E w' s,

=1

where

. N N-1 » 7
w o= Z Z Tm% agfi) ¢”  (no summation over i is applied).

pg=1 j=1
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3.2. Proof of Theorem 1.2. The proof consists of the same steps as the proof of theorem
1.1, so we just indicate the differences.

The outer solution is the same as before in §2.1. However when we compute the
inner expansion, the first line of (1°) is multiplied by ¢?, instead of . Setting r = £z in
this modified version of equation (1%), we obtain

0 = 2 (pw- v)_ + g(u)
(45) {((’m): H (0)) 52" [y Vr(e)u}
+&? {_%ti + ATy — sz%z- -z (f’(u) ﬁ%u)} + Ze Py, t,2)u,

=3

where P; are differential operators acting on functions of (y, ¢, z), which we need not
use explicitly.
We seek a solution of the form

’“’in(z7 y? t) = u?l}(z7 y? t) + Eu}n(‘z, y} t) + e
Substituting this expression into (45), we will determine w (G >0) successively, start-
ingfromj=0toj=mforanymeN.

At order zero, (45) gives rise to the equation

20
() v 4 g(ud)

0

l

with boundary condition
ud (—00) = u_, ul (+00) = uy.
By our assumption s(v}) = 0 and Proposition 1.1 this problem always possesses a

unique solution u2, (z) = Q(z+ap; v). As before we leave some freedom by introducing
a shift ao{y, t) which will be determined later.

At order O(c), (45) implies
) T 4 a() 2 1 By, = (2,
where

hy = (—(w)e - v+ H(y, 1)) Q: + f(Q) - Vrpy@-
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Here and in the sequel, Q and Q,, etc. always mean Q(z + ag; v) and Q.(z + aqg; v), etc.
Applying to (46) the solvability theory (cf. Proposition 2.1), we obtain

(0 - v =H(,8) + My f PF(Q) - Vi@ dz

=H(y,t) + My f PP Q) Q. Vv dz + M f Q.Pf(Q) dz - Vryao,

where @ = Q(z) and P = P(z — ap) = Q.(z)e*~%) which are independent of ao.
Since Q(z) and f'(Q(z)) are odd functions (cf. Lemma 1.2 (2) and f even), and hence

P(z — ao) is even in 2, the last integral vanishes; [ Q.Pf'(Q) dz = 0. Therefore,
arguing as above, we find -

(Yo)e - v = H(y,t) + Tpg K™,
in which T, is the same as before, defined by

Ty, = M1 f %Lp(z)Lq(z) dz with Ly(2) == — [ PQ.f, a2,

where s5(v) = 0is used and f; = f,(Q), the p-th component of f'(Q).

Notice that g, is still to be determined. In fact, an evolution equation for ap will be
derived from the solvablhty condition for uZ, below. Once the solvability condition for
(46) is fulfilled, it has a unique family of solutions

uiln = a'l(y’ t)Qz +ﬁ%n,

where g, is to be determined and @, normalized as T}, (z = —a,) = 0, depends only on
ag (and on »(y, t)). More precisely, we have

(47) Uin(2) = Tpen(2) + Toaa(7)

z
CThe 7)) = oo 1 D/ M\Leven( '
(48) e'ven( )"'Qz(z"'a’ﬂ)./o p(Z’)QZ(Z’) (£ P(Z )hl (‘ZJ) dZ’) dZ],

49) Trga(z) =Q.(z + ag) / - P(z”)fz‘l’dd(z") dz" ) d<,
’)Qz (z )
where h$"" and h2% stand for the even and odd part of h; with hS¥®8(z) = h&¥8(z — a,)

and h"dd( z) = h°dd( ao). For reference, we give them explicitly.
hi" (2} = (~TpK™)Q + Qpf' (@) - Vepyr®,  h3%(2) = Q.1 (Q) - Vrnao.
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Recall again that Q(z) is an odd function. This yields that A$?(2) and h%(2) are even
and odd functions, respectively, and satisfy

/ PhrS*™™ dz =0 and [ PR3 dz = 0.
Therefore, we find that @, (z — ag) and Ty,(z — ap) defined in (48) and (49) are, re-
spectively, even and odd functions. Moreover, we emphasize the following

Upaa(2) = Qu(z + ao) - Vryyao = Qp[Vryao)®.

These facts will play a rdle later.
Now, (45) yields the following equation for u?;
Pul,
B 2 + ( ) a~ +/6(z)um - (2)1

where h, is given below. We will derive an evolution equation for ay by applying
Proposition 2.1 to (50). In fact, we show that the condition

(50)

o0

(51) f Phydz=0

—00

leads to a linear parabolic equation for ag, where h, is given by
(52) ha(y,t, z)

1 oy ,
=3B @) + B (@a + 5 (@0 + Q. (@) - Vrga: + 1(2)
0
+ {% — A + zH(l)ag'“ +z (f (ud)- Vv wu )}

which is similar to (25). Indeed, I2 and I3 have the same expression as in (26) and
(27), while T,° and 75 are given by

69 T2 =l vt H)Qut (F(Q) V@) &t /@) Vi@
6y To=r@- i g e - L@y

+ (—=(%): - v + H) 6—.;“ +(f(Q) - Vry®) T + (@) - VT
Let us explicitly analyze the condition (51). By the same computation as in §2.3, one

can show that
f PI2dz=0 and fPI;'l dz = — f PT,"° d.
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The anti-symmetry of the integrand implies [ P(f'(Q) - Vra1)Q, dz = 0, eliminating
a, completely from (51).

When we compute the integral [ PI, dz in (51), we encounter terms which are
linear and quadratic in Vrygae. These terms come from %lyy, = Qo[Vrwaol® (here,
and below, summations over repeated indices p,¢,p’ = 1,..., N are applied). By us-
ing anti-symmetry of integrands, we find that integrals multiplying quadratic terms
in Vpae vanish, in which we use the facts that f is even and g is odd, and hence
F(Q(2), ¢"(Q(2)), @,(2) are odd, and f"(Q(z)), @.(z) are even in 2. More explicitly, we
have

(55) / FT, dz = _/ PF, dz[Vryaol? + f PQpfo(Q) d2[Vr{[Vrmao T + . ..

= / PE, dz[Vrpaol® — MoT o[V {[VemadPH + -,

where “..."” stand for terms which are all together independent of ag as well as Vy aq,
while £, is defined by
(56) F‘p =(f"(Q)- VQPﬁtlwen)Z - gﬂ(Q)Qp-ﬂ:ven —(—=(v0): v+ H(O))(Qp)z
0 ‘
A Q) )z B"U‘;{f;a’(Q)Qp}[VP(t)”q]p :

We now deal with the third line of (52).
For the first three terms in the third line of (52), we have

one )
S — AT, +2Q.HY =Q, 20 — QAT ag + 2Q,HY — 2(Qy). (Ve Vrgyao)

Bt mn
— Q| Vg aol® — QueVrt” - Vv — @pAT L + Quif.

By using anti-symmetry of the integrand, one can show that [ PQ),, dz = 0, and hence
the coefficient of |Vrao|? in (52) vanishes when substituted into (52). Moreover, we
have

/ zPQ,dz = /(z — ag)PQ, dz = —Mya,.
For the last term in the thrid line of (52), we have
[ +Pr@- Vs, dz = [ 2PQ.1y(@) Vil + [ 2PQuIQ) dsAVEeT
= [ 2PO.£@) 421Vl + a0 Tl VEL P
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We finally conclude that the solvability condition (51) for the problem (50) is equiv-
alent to the following linear parabolic equation

Ts}
67) % =ATag + HYag + Ty Ve {[Vewao] H? — a0 Tpg[Vry P
+ F(yw t) ) Vr(t)aﬂ + G(y': t) ' V?&)“O + BZ(y: t)»

where the principal part Alag + Tpg[Vr({[Vr(ao’}]? on the right hand side is uni-
formly elliptic because of the positive semi-definiteness of T. In (57), F(y, t) and G(y, t)
are vector fields on I'(t) defined by

F(y, t) =2M;" j P(Q,): dz(Vp@p?- ) — M f PEdz

o0

Gy,1) = — Mg f 2PQ.1(Q) dz

—Co

which are independent of a;. We note that the homogeneous part of (57) is the lin-
earization of th interface equation (11), although we do not bother proving this fact.
Similarly, at order O(z*), the solvability condition gives rise to

Oay_»

(58) ot =ATa;_5 + Hay s + Tpg[ Ve {[Vrmar—2]"}® — ax-2Tpg[ Ve

+ F(ya t) ) vl"{t)ak—2 + G(y1 t) . V{"l()t)ak-d + ﬁk(y: t)y

where Fr,k(y, t) depends only on aq, . . ., ax-3, but not on ax_s.
In this way, we can construct approximate solutions as high order as we wish. Then,

the remaining part of proof is the same as the proof of Theorem 1.1. This completes the
proof of Theorem 1.2. [

4, EXAMPLES AND DISCUSSION

Following an approach described in [6] for f = 0, we can explicitly determine the
wave speed and the heteroclinic orbits when g is cubic and f is quadratic in u.

Lemma 4.1. Consider the nonlinear eigenvalue problem (5) with
g(u) = —Ru—u)u(lu—uy), u-<0<uy, R>0,

1
flu) = §u2a+ub, a, beRY.
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The wave speed s(v) and travelling wave profile Q(z) are then explicitly given by

s(v) = u_-;—-u,+ {a~u—\/(a-v)2+8R}+b-u

—uyt_ + upu_e Plus—u-)z

Q(Z) = —u_ + U+e—D(u+—u-)z
where
\/(a-u)2+8R—a-v
D= .
4
Proof: The statement is verified directly by following the method described in §11.5
of [6] for scalar bi-stable reaction-diffusion equations. ]

4.1. Symmetric case. Let us first consider a completely symmetric nonlinearities
fw) = guta,  g(u) = —u@? 1)

with the vector a remaining as the only parameter.
The travelling wave profile is then Q(2) = tanh(Dz) which depends on the direction

v only through D = 1(\/(a-v)? + 8 — a- v). We have

o 6Q — Daq z _ A —(2£42)
This allows us to compute
(60) My = f e*?1Q%(z)dz = D* f (cosh(Dz)) P dz.
Similarly, we get from (41) with s(v) = 0 and (59)

=}
MTp = — f eA9Q,Q,71(Q) dz
2 o0
. B z tanh(Dz) (cosh(Dz)) "B+ 4z

Vel

D2
B Vi(a -?/T;lq-{— 8 (a 7 +4D) f (cosh(D=)) v s

Comparing this expression with (60) gives
Apdy
Tpe = (a-v)2+8°
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In particular, we can see directly that the matrix T is positive semi-definite. The defi-
nition (42) of K™ and elementary computations lead to

1
T K™ 2D2+1a VI‘(g)D
Therefore, the interface equation (11) in our special situation js written as
Arctan(+/2D
(61) V=H(y,t)+a Vg (—-——\7%—--~—))

Note that D > 0 in the function ¢(z) = tanh (Dz) signifies the “steepness” of the wave
profile. Therefore, (61) means that the tangential variation of the “steepness”

Arctan (\/QD)
V2

of the wave profile Q(2;v) is converted in the sigular limit to the normal velocity of
the interface. Moreover, this effect does not operate when a is normal to the interface,
where the interface is driven by the mean curvature alone.

Another viewpoint is possible for (11) in the present situation. Applying Lemma 3.3,
the interface equation has the following expression

N-1
(62) V=3 (1+u')s,
FES

where

w' = Y V),, =3 Z ( ) (670 ) ¢*  (no summation over i).

Therefore, (62) is con51dered as a motion driven by a weighted mean curvature. Note
that w' in (62) vanishes when a is parallel to v. This means that the curvature effects
on the normal velocity is enhanced when a is parallel to the interface.

It is of interest to note that the matrix T which stems from the first order differential
operator f’ - V contributes in the sigular limit to the curvature which is a second order
operator.

4.2. Slightly asymmetric case. Let us consider e-dependent flux and reaction terms
f(u) =eub, g(u) = —a’u(u— (1 —e))(u+(1+¢)) (witha>0).
In this situation, Theorem 1.2 applies. The second term in (61) vanishes because of

D = /+/2. However, ¢-term in the wave speed s(v) comes in and the interface equation
is given by

(63) V=H+v2+b-v
This is similar to a curvature flow driven by a constant force (cf. [8])
(64) V=H+k
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which comes as a singular limit of the Allen-Cahn equation with slightly asymmetric
source term. In (64) k represents a constant driving force. In our equation (63), the
driving force depends on the orientation of the interface. However, (63) is expressed

as follows.
. (;/U)t =H + \/50-,

where 4y = 70 — t(b - v)v. Therefore, the motion of interface driven by (63) is a motion
by mean curvature with a driving force plus constant translation with velocity b.
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